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Chapter 1 


Our Physics Toolbox 


This book approaches physics in a way that is un¬ 
usual for a physics textbook but is quite natural in 
our daily lives. If you were an apprentice carpen¬ 
ter, you would expect to quickly start working with 
an array of different tools. You would also learn to 
use these tools in a variety of ways, perhaps read¬ 
ing, watching, listening to instruction, and trying 
them out yourself. Think of yourself now as an 
apprentice physicist, learning to use the tools of 
physics. 

This chapter introduces two different types of 
"tool sets." One is a set of conceptual ideas: mo¬ 
tion, momentum, energy, and force. It may be 
helpful to create a concept map to give yourself 
a framework for how all of these ideas are con¬ 
nected. The template in Figure EH is a good 
place to start. Make a larger version of it, then 
add ideas and connections within and between the 
colored areas. All of these concepts will be built 
up in parallel over the course of this book. 



The other "tool set" that is introduced in this chapter includes three different but interrelated approaches 
to help us understand each of these concepts: Words, Graphics, and Numbers. Each of these approaches 
is presented in parallel in different columns on most pages of this book, to emphasize that these three 
approaches are interrelated and can be used together to build a more complete understanding of a physical 
situation. 







1.1 Motion, Momentum, Energy, and Force 


Words 

The left columns of this book generally contain ver¬ 
bal representations of physics. 


Graphics 

The center columns of this book generally contain 
graphical representations of physics. 


Numbers 

The right columns of this book generally contain 
mathematical representations of physics. 


Physics is an attempt to explain the behavior of the 
physical universe. But the universe is complicated, 
so it is necessary to make some simplifications. 

The approach of this book is to start out by looking 
at the behavior of very simple systems, ignoring 
complicating effects, and as we learn to describe 
the simple systems we will gradually move to more 
and more complicated systems. 

The area of physics that will be covered in this 
book is called mechanics. There are four main con¬ 
cepts involved in mechanics: motion, momentum, 
energy, and force. 

Pay attention to the color coding. The words, 
graphics, and math are all color coded to help show 
which concept is being considered. 


Photos or drawings 



Figure 1.2: A galaxy. Because every physics text¬ 
book should include a picture of a galaxy![2| 


A letter or symbol in italics is a variable used to 
describe some physical quantity. The same letter 
will always represent the same type of quantity. A 
lower-case m, for example, will always represent a 
mass. 

A letter or symbol with a half-arrow on top, like 
~x , represents a vector. With a vector it is impor¬ 
tant to remember that it has a specific direction, 
often positive (+) or negative (-). Subscripts are 
used to differentiate between several of the same 
type of variable in a given situation. For example, 
if a problem includes an adult and a child, their 
positions could be x a duit and x ch ud- 

Boxed equations are true except for any limitations 
described in the accompanying text. 

2 = 2 


Unboxed equations are true for a specific example 
but are not generalizable to all situations. 


Motion is a description of how an object moves 
over the course of time. This includes the object's 
position; its velocity, which is another way of saying 
its speed and its direction of motion; and its accel¬ 
eration, which is how quickly the object's velocity 
is changing in time. 


Motion maps 


0 s 

o 


1 s 

o 


2 s 

o 


3 s 

O 


Figure 1.3: Example of a motion map[T] 


Motion is described by position x , velocity v , and 
acceleration 

Note that all of these physical quantities are vec¬ 
tors. 
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Momentum represents the difficulty in stopping a 
moving object. This physics definition overlaps well 
with the way the word "momentum" is used in our 
everyday language. If you own a successful business 
we say that it has momentum, and your competi¬ 
tors will have a hard time stopping you! 

In physics, momentum is associated with an ob¬ 
ject's velocity and its mass. 

Energy is an ability to do work. This physics def¬ 
inition also overlaps well with the way the words 
"energy" and “work" are used in our everyday lan¬ 
guage. If you have no energy, you can't do any 
work! 

There are several different forms of energy, asso¬ 
ciated with an object’s motion, an object’s posi¬ 
tion, or an object's temperature. Energy is able to 
transform from one form to another through vari¬ 
ous physical processes. 


Force is a push or a pull. Forces cause changes in 
motion, momentum, and energy, so forces are truly 
the heart of mechanics. All the grand theories of 
physics seek to study the forces that are at work in 
the universe. 


Momentum bars 

Moving Bike 

Stationary Car 

Figure 1.4: Example of momentum barsQ] 

Energy Bar Graphs 



Figure 1.5: Example of an energy bar graph[T] 

Free-Body Diagrams (FBD's) 

- • > 

Figure 1.6: Example of a free-body diagramjl] 


The symbol for momentum is p . 

Note that momentum is a vector. It is associated 
with an object's velocity TT and its mass m, and 
an object’s momentum always points in the same 
direction as the velocity v . 


There are two different symbols for energy: U is 
used to represent potential energy, which depends 
upon position; and E is used to represent other 
types of energy that do not depend upon position. 
Examples of potential energy are gravitational po¬ 
tential energy U g and spring (or elastic) potential 
energy U s . Examples of other types of energy are 
kinetic energy Ek and thermal energy E t h 

Note that energy is a scalar. 


The symbol for force is F. Forces cause acceler¬ 
ation. A force acting over time changes momen¬ 
tum. And a force acting over a distance does work, 
changing energy. 

Note that force is a vector. 
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1.2 A Motionless Rock, in the Horizontal Direction 


Words 

A 5-kg rock is sitting on a flat place on the ground 
on a calm day. No wind. No earthquake. You 
watch for ten seconds. It just sits there in the same 
place, doing absolutely nothing, for the whole time. 

This may seem like a very simple physical situation 
already, and to make it as simple as possible, we 
will only consider the horizontal direction. 

For this example, it doesn't matter too much which 
concept we consider first-we're going to end up 
with a lot of zeros in any case! 

In the last section, we ended with forces, so just 
for fun this time let’s start with forces. Remem¬ 
ber, a force is a push or a pull. Looking at the 
photo and considering the description above, what 
are the forces in the horizontal direction? There is 
nothing pushing or pulling the rock to the left or 
to the right! That means there are no forces in the 
horizontal direction. 


Graphics 



Figure 1.7: A motionless rock[3] 


Numbers 

The only number given in this example is 5. The 
number by itself is meaningless; it needs to be at¬ 
tached to some physical quantity, and almost al¬ 
ways with a specific unit. 

The kilogram, abbreviated [kg], is the unit of mass 
in the Systeme International (SI) unit system that 
has been adopted as the official standard by nearly 
every country in the world. 

The other base SI units are the meter [m] for dis¬ 
tance and the second [s] for time. This book will 
use SI units almost exclusively. 


FBD of Rock - Horizontal Direction 

A Free-Body Diagram (FBD for short) is a simple 
diagram showing the forces that are acting on an 
object. The object is normally represented simply 
by a dot. Then arrows are used to represent the 
forces acting on the object. In this case, there are 
no forces acting on the rock in the horizontal di¬ 
rection (which is all that we are considering right 
now), so our FBD ends up being just a dot! 

• 

Figure 1.8: Free-body diagram of an object with 
no forces acting on m 


When considering forces and how they affect an 
object, there are often multiple forces acting at one 
time. It is important to consider the net force that 
is acting. The net force is defined as the sum of all 
of the forces... 


( 1 . 1 ) 


.. . where the three horizontal lines mean “is defined 
as," and the Greek letter Sigma means "the sum 
of. .." 

In this particular example, there are no forces at all 
acting in the horizontal direction, so the net force 
is zero.. . 

F ne t = 0 


F net = Z F 
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What can be said about the rock's motion? The 
rock is not moving, so its position is constant. If it 
was 2 feet in front of you when you started watch¬ 
ing, it was 2 feet in front of you when you stopped 
(assuming you didn't move). 

And no matter where it started, its velocity, which 
is its change in position over time, is zero. Its accel¬ 
eration, which is the change in velocity over time, 
is also zero, because the velocity isn't changing. 


Motion map- motionless rock 

A motion map uses dots to show position at var¬ 
ious points in time, as if you were holding a video 
camera steady and putting a dot at an object's po¬ 
sition in each frame. For this scenario, drawing and 
numbering one dot per second gives... 


0-10 s 

o 

Figure 1.9: Motion map showing no motionp] 


If the net force on an object is constant, as it is in 
this situation, position is given by... 


x = Xq + v 0 ■ t + - a - t 


( 1 . 2 ) 


.. . where the subscript "0" means the value at time 
zero. In this case, vo = 0 and a = 0 , so... 

x - Xq 

.. .which means that x at any time t is equal to 
whatever?? was at time t- 0. 


What can be said about the rock's momentum? 
Momentum is how difficult an object is to stop, 
and this rock isn't moving, so it won’t take any 
effort at all to make it stop! It has no momentum. 


Momentum bar - motionless rock 

A momentum bar is a rectangle with a width pro¬ 
portional to mass and a height proportional to ve¬ 
locity, giving an area proportional to momentum. 
This momentum bar has a height of zero, so zero 
area. That means zero momentum. 


0 m/s 


Motionless Rock 
5 kg 


The momentum of an object is equal to its mass 
times its velocity: 


p = m • v 


(1.3) 


As stated above, the velocity v = 0 in this scenario, 
so... 

p = m - 0 = 0 


Figure 1.10: Momentum bar of motionless rock[T] 


Remember, energy is an ability to do work. This 
rock can't do anything! So it has no (useful) en¬ 
ergy. Technically, the rock does have thermal en¬ 
ergy, because it has a non-zero temperature. And 
Albert Einstein correctly theorized that mass is also 
a form of energy. But for our purposes, we will 
consider only mechanical energy, which consists of 
kinetic, gravitational potential energy, and spring 
potential energy. 


Energy bar graph - motionless rock 

Kinetic energy, gravitational potential energy, and 
spring potential energy are all are zero, so a bar 
graph would have no bars. 


No motion, so Ej- = 0. No spring, so U s = 0. And 
gravitational potential energy is defined based on 
vertical position y. But we are only considering the 
horizontal direction, so U g = 0 as well. 


13 







1.3 A Motionless Rock, in the Vertical Direction 


Words 

A 5-kg rock is sitting on a flat place on the ground 
on a calm day. No wind. No earthquake. You 
watch for ten seconds. It just sits there in the same 
place, doing absolutely nothing, for the whole time. 

Yes, this is the same physical situation that we have 
already studied, but now we will consider the verti¬ 
cal direction, which adds another level of complex¬ 
ity. 


Let's start by considering the motion of the rock. 
It is doing nothing more in the vertical direction 
than it did in the horizontal direction, its vertical 
position is unchanging; its vertical velocity is zero; 
and its vertical acceleration is also zero. 


What about the rock’s vertical momentum? Again, 
since this rock isn't moving in the vertical direction, 
it won't take any effort at all in the vertical direc¬ 
tion to make it stop! It has no vertical momentum. 


Graphics 



Figure 1.11: A motionless rock[3] 


Motion map- motionless rock 

0-10 s 

O 

Figure 1.12: Motion map of no motion. Again I [T] 

Momentum bar - motionless rock 

Zero height means zero vertical momentum. 

Motionless Rock 
° m/S - 5~kg - 

Figure 1.13: Momentum bar of motionless rock[l] 


Numbers 

It is helpful to create lists of known and unknown 
quantities. Only one “known" is specifically listed: 
5 kg. Read carefully for others! 

• m = 5 kg 

• Vo = 0 

• ~a = 0 

We are not asked to find any specific unknowns; 
instead, we will use our available tools to find ev¬ 
erything we can. 

This is exactly the same as the horizontal motion 
of the rock, but to make it more clear that we are 
looking only at vertical motion, we can remove the 
half-arrow and use y in place of x... 

V = Vo 


As with motion, we can remove the half-arrow and 
use a y subscript to indicate that we are only con¬ 
sidering the y direction, commonly referred to as 

“y" 

Py =171 ■ Vy= 0 

This could also have been done in the x direction 
before, with x subscripts instead of y. 


14 





Since this rock is doing nothing, the net force must 
be zero. 


When we consider forces, there is a fundamental 
difference between the horizontal and vertical di¬ 
rection. The rock isn't moving at all, but there are 
two different forces that are acting on the rock. 

One is a gravitational force, often referred to as 
"weight." On the surface of the earth, gravitational 
force always points downward. 

The other force is a “contact force" that comes 
from the ground underneath the rock. If the ground 
were not there, the rock would be falling, so we 
know that there is a force from the ground that 
completely opposes the force of gravity. This con¬ 
tact force is called the "normal" force, where the 
word "normal" means "perpendicular to the sur¬ 
face." In this case, the normal force is pointing 
directly upward because the ground is flat. 


In the vertical direction, energy depends on posi¬ 
tion. Breaking an egg requires work, and a rock just 
lying on the ground can't break an egg. But if you 
held a rock high above the egg and then dropped 
it, the rock could break the egg. A rock in an ele¬ 
vated position has the potential to do work-we call 
that gravitational potential energy. But in this case 
the rock is on the ground, so it has no gravitational 
potential energy. Still zero mechanical energy! 


FBD of Rock - Vertical Direction 

Gravitational force points downward, and normal 
force from the ground points upward. Since we 
know they cancel each other completely, the lengths 
of the arrows should be the same. 

Normal Force F n 

> \ 


> * 

Gravitational Force F g 

Figure 1.14: Free-body diagram of a rock resting 
on the ground[T| 


Fnet. = F - F g + F n - 0 


...so... 



At the surface of the earth, the gravitational force 
on an object is.. . 


F g = -m-gy 


(1.4) 


.. . where g = 9.8 m/s 2 , the magnitude of the ac¬ 
celeration of gravity at the earth’s surface. The 
magnitude of F g is given by m-g and the direction 
is given by —y (downward). In this case... 


Note that we are concerned only with the forces 
acting on the rock, not about any forces of the 
rock on something else like the ground. 


F„ = -5 kg • 9.8 m/s 2 y = -49 ^ m y = -49 N y 

s 2 

.. . which makes F n = +49N y in this example. The 
SI unit for force is the Newton [N]. 


1N= 1 


kg • m 


Energy bar graph - motionless rock 

Again, kinetic energy, gravitational potential en¬ 
ergy, and spring potential energy are all are zero, 
so a bar graph has no bars. 


No motion, so Ek = 0. No spring, so U s = 0. And 
gravitational potential energy is defined based on 
vertical position: 


U g = m ■ g ■ y 


(1.5) 


We are free to define the position where y = 0, so 
we can choose our y = 0 to make the math as easy 
as possible. Setting y = 0 at ground level gives... 


U g = m ■ g ■ 0 = 0. 
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1.4 A Rolling Soccer Ball 


Words 

A 0.4-kg soccer ball is rolling to the right at a con¬ 
stant speed of 9 m/s across a level soccer pitch. 
Friction force and air resistance are very small, so 
we will ignore them. We will consider only the hor¬ 
izontal direction. 


This situation is different from a motionless rock, 
because this time the soccer ball is moving. But in 
terms of horizontal forces, it is exactly the same. 
Looking at the photo and considering the descrip¬ 
tion above, what are the forces in the horizontal 
direction? We are specifically told to ignore any 
friction forces. And there is nothing that is ac¬ 
tively pushing or pulling the soccer ball to the left 
or to the right. That means there are no forces in 
the horizontal direction. 

If there are no forces in the horizontal direction, 
how does the soccer ball keep moving? It is the 
ball’s momentum that carries it. Momentum is how 
difficult an object is to stop, and until an outside 
force tries to make the soccer ball stop, it will just 
continue going in a straight line with the same mo¬ 
mentum. This is called “conservation of momen¬ 
tum;” momentum of any isolated system remains 
constant. 


Graphics 



Figure 1.15: A soccer ball rolling to the rightHl 

FBD of Soccer Ball - Horizontal 

Since we are ignoring friction, there are no forces 
acting on the soccer ball in the horizontal direction, 
which is all that we are considering right now. 


Figure 1.16: Free-body diagram of a rolling soccer 
ball, horizontal direction only [TJ 


Momentum bar - Rolling Soccer Ball 
Rolling Soccer Ball 



0.4 kg 


Figure 1.17: Momentum bar of rolling soccer 
ballp] 


Numbers 

Knowns: m = 0.4 kg 

v x = +9 m/s 
CL X — 0 
-Fnei,x ~ 0 

Just as “upward" is normally considered the pos¬ 
itive vertical direction, “to the right” is normally 
considered the positive horizontal direction. We 
know that a x is zero because the velocity is con¬ 
stant, 9 m/s to the right. 

In this example, there are no forces at all acting in 
the horizontal direction, so the net force is zero.. . 

-Fnei,x = 0 

.. .where the subscripts “net,x" indicate that we 
are referring to the net force in the x direction. 


p = to • v 

.. .so... 

p x = m ■ v x = 0.4 kg • +9 m/s= +3.6 —-- 

s 

From this equation we find that the units for mo¬ 
mentum are ■ 
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Unlike the motionless rock on the ground, a rolling 
soccer ball on the ground does have energy. It has 
kinetic energy, or energy of motion. 

Any moving object has kinetic energy that increases 
with the object’s mass and its speed. Since a mo¬ 
tionless object has zero kinetic energy and mass 
and speed are both always positive numbers, ki¬ 
netic energy can never be negative. 


Thinking about motion becomes much more inter¬ 
esting when something is moving. Since it is rolling, 
this soccer ball is definitely moving. What do we 
mean when we say that an object is moving? That 
means the object has a non-zero velocity. But when 
we talk more generally about "motion” in physics, 
we are considering not only velocity but also po¬ 
sition and acceleration. This soccer ball has the 
simplest motion that we can consider for an object 
that is actually moving. 


Energy bar graph - rolling soccer ball 


20 



Soccer ball 


As with the rock on the ground, U g = 0 and U s = 0. 
But this time we have kinetic energy. Kinetic en¬ 
ergy depends on an object’s mass and its speed v, 
which is simply the magnitude of its velocity |TT|,... 


ET =-m • v z 
2 


( 1 . 6 ) 


...so in this example the kinetic energy from the 
linear motion is... 

1 9 ke; • m 2 

Ek =-0.4kg- (9m/s) =18.2--— = 18.2J 

2 s 2 

The SI unit for energy is the Joule [J]. 


Figure 1.18: Energy bar graph of a rolling soccer 
ballp] 


1 J 


kg-m 2 

s 2 


Motion map- rolling soccer ball 

A motion map tells us about more than just po¬ 
sition. It can also tell us about the velocity of the 
object. Notice that all of the arrows between the 
points are identical. The arrows represent veloc¬ 
ity, so the motion map shows that the velocity is 
constant. 

Os Is 2s 3s 4s 5s 

O—O—O—O—0-0 

Figure 1.19: Motion map of a soccer ball rolling to 
the right with a location shown every second for 5 
seconds[l] 


For this example, Equation 1.2 becomes ... 


x = xo + vo ■ t + - a ■ t 2 = Xq + vq • t + 0 

.. . where the subscript "0" means the value at time 
zero. In this case, vq = 9 m/s i and 7t = 0 , so.. . 


X = Xq + (9 m/s X ) • t 


...which means that x moves 9 meters to the 
right of its initial position in every second that 
passes. 
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1.5 A Falling Rock 


Words 

A 0.8-kg rock is dropped from a position 2 m above 
the ground. After 0.5 seconds it is still in the air. 
Air resistance is very small, so we will ignore it. 
Describe the behavior of the rock. 

We only need to consider the vertical direction, be¬ 
cause there is no motion, momentum, or force in 
the horizontal direction. 


Graphics 



Figure 1.20: A rock falling after being dropped[5] 


Numbers 

Knowns: m - 0.8 kg 

2/o = 2 m 

v 0y = 0 

g = -9.8 m/s 2 y 

Velocity 5T is a vector, but speed v is a scalar that 
cannot be negative, since it is |TT|. But v y is the y 
component of v , so it can be negative. 


The rock starts out not moving, but as soon as it 
is released gravity starts to pull it downward. In 
fact gravity was affecting the rock before it was 
released, but the force applied by the hand kept 
the rock in place until it was released. 

This rock is in “free-fall," which means that the 
only force that is affecting the rock is gravity. 


I 

Gravitational Force F g 
Figure 1.21: FBD of a falling rockjl] 


Fnet = Z F = F 9 

Fnet =~m-g y = (-0.8 kg • 9.8 m/s 2 ) y= -7.84 Ny 

This is the first situation we have met where the 
object is not “in equilibrium,” meaning that this 
time the net force on the object is not zero. 


Since the rock is initially not moving, it has no 
initial momentum. But after half a second it is 
moving downward. The momentum is changing 
because of the force of gravity. The effect of force 
on momentum is described by Newton's Second 
Law of Motion, which defines force as something 
that changes momentum. 

The momentum of the rock starts at zero, and be¬ 
gins falling downward, gaining momentum in the 
negative direction. This negative momentum grad¬ 
ually increases over the entire time that the rock is 
falling. 


E 

bO 









s 






























0 0.1 0.2 0.3 0.4 0.5 

Time [s] 


Figure 1.22: Momentum as a function of timejlj 


Net force is given by Newton's Second Law: 


_ A p 

“A t 


(1.7) 


“A” means “change in...." Ap = pf-pi, final 
momentum, with subscript /, minus initial momen¬ 
tum, with subscript i. 

Rearranging, Ap=F net -At. The momentum 
changes linearly from zero to its final value... 

p yJ = -7.84 N • 0.5 s= -3.92 
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Remember, momentum is related to velocity. So 
if the momentum of the rock is changing, that 
means its velocity is also changing. Acceleration 
is a change in velocity over time, so the same force 
that causes momentum to change also creates an 
acceleration. 

The force of gravity accelerates the rock in the 
negative (downward) direction, making it fall faster 
and faster with an acceleration that doesn't depend 
on its mass. 

This relationship between force and acceleration is 
often incorrectly referred to as Newton's Second 
Law. 


A motion map can also give information about ac¬ 
celeration. If the arrows are changing, the object 
is accelerating. 


0.0 s 


0.1 s 
0.2 s 



Figure 1.23: Motion map of a falling rockjTj 


Fnet = m- a (1.8) 

Rearranging, we find... 

— Fnet ~ 1 -84 N y 2 - 

a =-= -= -9.8m/s y 

m 0.8 kg 

In fact, ~a for anything in free-fall is -9.8 m/s 2 y. 


y = yo + vq y ■ t + -a y ■t 2 = 2m + 0-t - 4.9m/s 2 ■ t 2 


.. . so 


after 0.5 s, y = (2 - 4.9 • 0.5 2 ) m = 0.775m 


When an object is falling, it is undergoing a change 
in energy. This rock is not moving at the moment 
it is dropped, so it has no kinetic energy but it 
does have gravitational potential energy because it 
is elevated. While it is falling, it is gaining kinetic 
energy but losing gravitational potential energy. 

Energy is a useful concept to use when looking at 
this situation, because energy is conserved. It can 
never be created or destroyed; it can only change 
from one form to another. 

If you know how much total energy is in an isolated 
system at any point in time, you know that same 
amount of energy is present for all points in time. 
So if you know, for example, how much gravita¬ 
tional potential energy was lost you can find how 
much kinetic potential energy was gained. 


Due to conservation of energy, the sum of the 
heights of all of the bars on the energy bar graph 
at 0 s is equal to the sum of the heights of all of 
the bars at 0.5 s. 



0 s 0.5 s 


Figure 1.24: Energy bar graph of a falling rock[l] 


There is no spring, so U 8 = 0. Using 0 seconds for 
the initial time and 0.5 s for the final time... 

E 0 ,total ~ Ff t 0 t a i 

Eok + Uo g = Ekj + Ugj 

1 O 

o +m -g-y 0 = -m-v f + m-g-yf 

Everything in the last equation was given in the 
equation or has already been found, except for the 
final speed, so we can solve for it: 


m • g • y 0 - m • g ■ y f 

TO 

Note that mass cancels out of the equation, so the 
final speed of a falling object is not dependent upon 
its mass. 
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1.6 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 


• The kilogram [kg] is the SI unit of mass. 

• The second [s] is the SI unit of time. 

Forces 

• The Newton [N] is the SI unit of force. 1 N = 

• A force is a push or pull. 

• Gravitational force is the same as weight, and is always pointed down toward the earth. 

• Normal force is a contact force that points directly out of a surface. 

• Forces cause acceleration. 

• Forces change momentum. 

• An object that is affected only by gravity is said to be in “free-fall." 

• An object whose net force is zero is said to be in equilibrium. 

• Forces can be shown graphically using a “Free-body diagram," or “FBD," which has a dot representing 
the object and arrows representing the forces affecting the object. Arrows in a FBD should be drawn 
in the correct directions, with lengths corresponding to the magnitudes of the forces. 

Motion 


• The meter [m] is the SI unit of distance. 

• An object's motion is described by its position, velocity, and acceleration. 

• Velocity is change in position over time. 

• Acceleration is change in velocity over time. 

• Velocity includes both speed (which is always positive) and direction, so velocity can be negative. 

• An object moves at a constant velocity if and only if the net force on the object is zero. 

• Motion can be shown graphically using a “Motion map,” which has a series of dots representing the 
position of the object at equally-spaced intervals of time. Arrows are drawn between the dots to 
indicate the object’s velocity, and acceleration appears as changes in the arrows. 


Momentum 


• [kg- m/s] is the SI unit of momentum. 

• Momentum represents the difficulty in stopping a moving object. 

• The momentum of any isolated system is conserved. 

• Momentum can be shown graphically using “Momentum bars,” which have a height proportional to 
the object's velocity and a width proportional to the object's mass. The resulting rectangle has an 
area proportional to the object's momentum. 

Energy 

• The Joule [J] is the SI unit of energy. 1 J = l kg s ™ 

• Energy is an ability to do work. 

• Energy is conserved; it cannot be created or destroyed, but it can change form. 

• Kinetic energy is energy of motion. 

• Kinetic energy can be positive or zero, but never negative. 

• Gravitational potential energy is related to an elevated position. 

• Spring potential energy and thermal energy are other types of energy that will be dealt with later in 
this book. 

• Mechanical energy consists of kinetic energy, gravitational potential energy, and spring potential 
energy. 

• Energy can be shown graphically using an "Energy bar graph.” If the system is isolated, the total 
height of all energy bars for the system at any point in time is the same as the total height of all 
energy bars at any other point in time. 



Mathematical Models 


equation 

restrictions on the validity of the equation 

Fnet = ZF ( 

1.1 


-none- 

x = £0 + vo ■ t + | a ■ t 2 ( 

1.2 


only valid when the net force is constant 

1- 

II 

1.3 


-none- 

II 

1 

to 

*5> 

1.4 


on the surface of the earth, with +y defined as "up” 

Ob 

Oj 

II 

1.5 


on the surface of the earth, with +y defined as "up” 

E k =\m-v 2 ( 

1.6 


-none- 

a l 

III 

1.7 


only valid when the net force is constant 

F net = m ■ a ( 

1.8 


-none- 






















1.7 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], 


Leve 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 
1.7 


W & N] Add labels to each equation in the “Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. For example, Equation [lTJshould be labeled 
“net force." 


Leve 

1.8 

1.9 

1.10 

Leve 

1.11 

Leve 

1.12 

1.13 

1.14 

1.15 


1 - Remember 

W] How is energy defined in this book? 

W] How is acceleration defined in this book? 

N] What does a half-arrow over a symbol mean? 

N] What does it mean if an equation has a box around it? 
N] What symbol is used to represent momentum? 

G] What do the arrows represent on a motion map? 


2 - Understand 

W] What information is included in an object's velocity that is not included in its speed? 
N] Give an example of a vector quantity in physics. 

N] Give an example of a scalar quantity in physics. 

3 - Apply 

G] Draw a motion map for an object moving to the left at constant speed. 

4 - Analyze 


G] Consider the free-body diagram in Figure 1.8 where only the horizontal direction is being 
considered. Should that figure change if the mass of the rock were doubled? If so, in what way? 


G] Consider the free-body diagram in Figure 1.14 where only the vertical direction is being consid¬ 
ered. Should that figure change if the mass of the rock were doubled? If so, in what way? 

W & N] What is the weight of an 80-kg person? Remember to include direction. 


N] One thing that we should have been able to find in Section 1.5 was the time needed for the rock 


to reach the ground when dropped from a height of 2 m. Find that time for the moment when the 
rock hits the ground, that is, when y = 0. 


1.16 [W & G] Explain how the free-body diagram for the motionless rock in Figure 1.8 can be the same 
as that for a moving soccer ball in Figure [L161 









Level 5 - Evaluate 


1.17 [W] In the analysis of a motionless rock in the vertical direction in Section |1.3| it is stated that 
there is no wind. If there were a horizontal wind, would it have affected our analysis of the vertical 
direction? Explain your answer. 


1.18 [W] In the analysis of a rolling soccer ball in Section |1.4| we ignored friction to make the analysis 


simpler, and found that the soccer ball would continue rolling in a straight line indefinitely. Was this 
a realistic simplification to make? If we had included friction, what would the soccer ball have done? 

1.19 [G & N] The area of a momentum bar is supposed to represent the momentum of an object. Using 
that information, what is the momentum of the soccer ball as shown in Figure 1.17? Compare your 
answer to that found in the column to the right of the figure. Explain why they are the same, or why 
they are different. 


1.20 [G & N] Estimate the slope of the line in Figure |l.22 j Compare it to the net force found in the 


column to the right of the figure. Explain why they are the same, or why they are different. 


1.21 [W, G, & N] Figure 1.24 shows the energies of a rock when it is released from a height of 2 m and 
when it has fallen for 0.5 s. 


(a) Reproduce this graph, with correct heights for each bar, and add a third set of bars for the 
moment just before the rock hits the ground. You can label the last set of bars "before hitting." 

(b) Find the speed of the rock just before it hits the ground. 

(c) Combine the speed of the rock with other information you have about the direction of the rock's 
motion to find the velocity of the rock just before it hits the ground. 


Level 6 - Create 

1.22 [W, G, & N] At the beginning of this chapter in Figure [TT| was a template for a concept map. Create 
your own larger version of it, adding in the main ideas from this chapter. Flere are some examples to 
help you start: 



Partially completed concept map|T) 


1.23 [W, G, & l\l] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 














described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

1.24 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 
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Chapter 2 


Working in 


One Dimension 


We have now been introduced to most of the con¬ 
cepts and most of the tools that we will use in this 
entire book to study mechanics. We will continue 
to look at more and more complicated situations. 
In this chapter we will continue to restrict our¬ 
selves to single objects in one dimension, either 
horizontal or vertical. We will also continue to 
consider only constant forces. 



Figure 2.1: Images of a falling ball, taken by a station 
ary camera at a rate of 20 frames per second|T) 






2.1 Units 


Words 

If you live in the United States or one of a handful 
of other countries, you may be bothered by the fact 
that this book is using unfamiliar units. There are 
good reasons for this. 

One reason is that the vast majority of the world 
has adopted SI units as the official system of mea¬ 
surement. 

A second reason is that SI units are based on fac¬ 
tors of 10 and universal physical quantities like 
the speed of light, while most other systems of 
measurement, including U.S. Customary units, are 
based upon arbitrary numbers and measurements 
like the distance between a person’s fingertips and 
elbow. 

A third reason is that attempting to use U.S. Cus¬ 
tomary units to do physics is difficult and confusing 
even for those who use those units on a daily ba¬ 
sis. For example, mass is an important physical 
property, but in U.S. Customary units people as¬ 
sume that mass is measured in pounds. In fact, 
pounds are a unit of force, and the correct unit of 
mass should be slugs, which nobody anywhere in 
the world uses, even in the U.S. 

For all of these reasons, SI units are the standard 
units used in science throughout the world, and also 
in this book. 


Graphics 


| mL 1 L SHATTERPROOF 

(TjTHB 

FLEXIBLE 

1 

Tn ■ D ii i iTui ,T i, J, iX „“,.i XiJ, | X rl " 


tiUJSJUUiL. 

iiUdbffilJ 


Figure 2.2: Rulers often show inches across the top 
and centimeters (cm) across the bottom.[TJ 


The U.S. Customary unit for length is the foot, 
and the SI unit for length is the meter. Conversion 
factors can be found in the appendices of this book. 



Figure 2.3: Weights used in a gym are often labeled 
in pounds (lb) and kilograms (kg).[T] 


On earth, a 10-kg object experiences a gravitational 
force of 98 N, and 98 N corresponds to 22 pounds 
offeree. On the moon, a 10-kg object experiences 
a gravitational force of 16.2 N, or 3.65 pounds. 

So mass is not dependent on gravity, but weight 
is. This is why we more often refer to an object's 
mass than its weight in physics classes. They are 
related, but they are different. 


Numbers 

Note: These calculations are wrong! This is 
why we avoid U.S. Customary Units! 

Consider a 50-pound child. What is the child's 
mass? 50 pounds, right? The acceleration of grav¬ 
ity at the surface of the earth is 32 ft/s 2 . Weight is 
the gravitational force on an object, so a 50-pound 
child experiences a gravitational force of 50 pounds 
on earth. Putting these numbers into Equation |1.8| 

F y = m ■ a y = to • (-32 ft/s 2 ) 

-50pounds = (50pounds) • (-32 ft/s 2 ) 

Dividing both sides by 50 pounds gives us ... 

1 = 32 ft/s 2 

1 = 32 !? This cannot be correct. Most people 
who use U.S. Customary units don’t know that the 
correct unit for mass is the slug. A slug is the mass 
of an object that weighs 32 pounds at the surface 
of the earth. That’s why our calculation is off by a 
factor of 32—we used the wrong units. 

To do physics using U.S. Customary Units we must 
introduce units like the slug that are not in regular 
use anywhere in the world. Rather than taking this 
step backwards, we step forward into using SI units. 

Note: The above calculations are wrong! This 
is why we avoid U.S. Customary Units! 
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Failing to pay attention to units can be a costly 
mistake, as was famously demonstrated in 1999 
when NASA lost its $125-million space probe that 
was supposed to have gone into orbit around Mars. 
The engineers who designed the rocket system used 
U.S. Customary Units, but the engineers who de¬ 
signed the guidance system used SI units. When it 
came time to enter orbit, the probe instead plunged 
into the Martian atmosphere and was destroyed. 

This NASA error was simply a matter of not con¬ 
verting all units into the same system. But there is 
another type of error that is common for students 
who are learning physics. That is having answers 
with the wrong "dimensions" or doing calculations 
that are dimensionally impossible. 


Graphing position over time 


E 


C 

O 


to 


O 

Cl 



Time [s] 


Figure 2.4: Position as a function of time[l] 


If you walk at a constant speed of 4 miles per hour, 
what distance will you travel in 30 minutes? Figure 
out the answer to that question before continuing. 

Hopefully you came to an answer of 2 miles without 
too much of a struggle. Whether you realize it or 
not, you went through all of these steps, possibly 
in a different order: 


(1) Compare units, finding both hours and min¬ 
utes for time. 

(2) Unit conversion to make time consistent: 

1 hr 

30 min •-— = 0.5 hr 

60 min 


For example, if someone says a baby weighs six 
pounds, nine ounces, that makes sense. It is di¬ 
mensionally correct, even though it is not in the SI 
units that are preferred in physics. If we want SI 
units, we can convert to find the answer we wanted. 

But, if someone says that a baby weighs fifteen 
inches, that does not make sense. Weight is a force, 
and inches are a measure of length, so these two 
things have different "dimensions." In physics, a 
“dimension" doesn’t have to refer to length. It 
can be any physical quantity: energy, momentum, 
velocity, etc. 


The slope of a graph often provides useful informa¬ 
tion. In Figure [Z4| position is changing in time, 
which means that the object must be moving. The 
slope of a line is the “rise over the run,” how much 
the vertical value changes divided by how much the 
horizontal value changes. In this case ... 


slope 


10 m - 0 m 
5 s - 0 s 


2 m/s 


Keeping the units in the slope calculation gives a 
hint about the meaning of the slope. The unit 
[m/s] is a velocity, and in fact the slope of a posi¬ 
tion vs time graph gives velocity. 


(3) Combine given information in such a way that 
you find an answer with units of distance: 

4 mi 

-• 0.5 hr = 2 mi 

1 hr 

Notice that for unit conversion and general calcu¬ 
lations the pattern is the same. Units cancel just 
like variables and numbers. For unit conversion, 
multiply by a fraction using the appropriate con¬ 
version factor (see the appendices), in such a way 
that units cancel to give the answer required by the 
question. 


This way of canceling only works with multiplica¬ 
tion and division. Two numbers cannot be added 
or subtracted unless they have the same units. 


29 

















2.2 Sliding to the Left 


Words 

A 170-g hockey puck is sliding to the left for four 
seconds across a smooth sheet of ice at a constant 
speed of 24 m/s. Frictional force and air resistance 
are very small, so we will ignore them. We will 
consider only the horizontal direction. 

We have looked at a similar situation with a rolling 
soccer ball, so some of the analysis will be left for 
the end-of-chapter exercises. Here we will try a few 
new approaches. This time there is no picture, and 
since images are helpful for understanding, we will 
start with a sketch. The sketch should include as 
much of the given information as possible. 


The net force on an object causes a change in ve¬ 
locity, i.e. an acceleration. Since the velocity of 
this puck is constant, we know that the net force 
is zero. 

A sliding hockey puck can do work on something 
(for example, if it hits an egg it can break the egg). 
That means it has energy, in this case kinetic en¬ 
ergy. And since the puck is traveling at a constant 
speed, the kinetic energy would also be constant. 

The hockey puck doesn't have any other type of 
mechanical energy, because there is no spring and 
it is on the ground. 


Graphics 


Numbers 




\io% 




Knowns: m = 170 g = 0.17 kg 

t = 4s 

v x = -24 m/s 
a x = 0 


Figure 2.5: Rough sketch of the given physical 
situation [T] 

The sketch does not need to be beautiful, although 
you can feel free to let your artistic skills shine. But 
the sketch does need to get across the essential 
information about the situation. 


F 


f,x 


= 0 


Mass needs to be converted to teh SI unit kg: 


170 g- 


1kg 

1000 g 


0.17 kg 


v x is negative because conventionally right is pos¬ 
itive. a x is zero because velocity is constant. Ff x 
is the force of friction in the x direction. 


Figure 2.6: Free-body diagram of an object with 
no forces acting on it|IJ 


We know from Equation 
since a. r = 0 


1.8 


that F net =m■ a , and 
it follows that F net x — 0. 



Hockey puck 


We know from equation |1,6| that ... 


E k =-m-v 


2 


.. . so in this case ... 

Ek = /j0-17 kg • (-24m/s) 2 = 49 J 


Figure 2.7: Energy bar graph of a sliding hockey 
puck|T] 
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Like the rolling soccer ball that we considered ear¬ 
lier, the hockey puck is moving, so it has momen¬ 
tum. This time, the puck is moving in the opposite 
direction from the soccer ball we considered earlier, 
so its momentum is also in the opposite direction, 
since momentum is a vector. It is important to re¬ 
member that momentum also includes direction. 



Figure 2.8: Momentum bar of sliding hockey puck. 
Note that the height is negative![I] 


We know from Equation |1.3| that 

p =771 • v 

... so in this case... 

p x =m ■ v x = 0.17 kg • -24 m/s = -4.08 kg • m/s 


The hockey puck is moving to the left with constant 
speed, so its position is changing throughout the 
four seconds. We are not given the initial position 
of the puck, so we can only describe how much 
the position changes, not whether after 4 seconds 
it will reach the goal. The change in the position 
of an object has a special name, “displacement." 


Motion Map 

4s 3s 2s Is Os 

o^o«-o^o^o 

Figure 2.9: A hockey puck sliding to the left for 4 
seconds]!] 


If the net force on an object is constant, as it is in 


this situation, position is given by Equation 1.2 


x = xq + vq ■ t + - a ■ t 2 


.. . and in this case we are only concerned with the 
x direction. .. 


From the other columns on this page, we can see 
that the puck travels 96 m in 4 seconds. The right 
direction is conventionally considered postive, so 
left is negative. That means the displacement is 
96 m to the left. The total distance it moves during 
this same time is 96 m. Distance is always positive- 
you would never say that your home is negative five 
miles from your workplace, right? 

In a situation like this, when the object is moving 
only in one direction, the displacement is the same 
as the distance that an object moves, but if the 
object changes direction at any point in its mo¬ 
tion, the total distance it moves will be larger than 
its displacement. We will encounter this type of 
situation later in this chapter. 



0 12 3 4 

Time [s] 


Figure 2.10: Puck displacement as a function of 
time[I| 


x = x 0 + v 0x ■ t + -a x ■ t 2 

x = x 0 - 24m/s-t+ 0 • t 2 = x 0 ~ 24m/s• t 

We are not given xo, but if we subtract it from both 
sides we have solved the equation for the change 
in x, also called displacement. 

x - Xq = Ax = -24 m/s • t 

This allows us to find the displacement for any time 
t, including the final time 4 s. 

A Xf = -96 m 
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2.3 Falling to the Ground 


Words 


Graphics 


Numbers 


A 2.4-kg ball is first dropped from a height 1.3 m 
above the ground. Air resistance is very small, so 
we will ignore it. We will consider only the vertical 
direction. Then the same ball is dropped from a 
height 2.6 m above the ground. 

We should be able to find the amount of time that 
is needed to reach the ground in each situation and 
also the kinetic energy, velocity, and momentum of 
the ball just before it hits the ground. 

When considering the motion of the ball, we should 
note that it is in free-fall, which means that it is 
affected only by the force of gravity, and is accel¬ 
erating at a rate that doesn't depend on the mass 
of the ball. 

The first “unknown" mentioned in the description 
above is the time it takes the ball to fall to the 
ground. At first guess, one might think that the 
time needed to drop 2.6 m should be twice as much 
as the time needed to drop 1.3 m, but this is not 
correct. Notice in the images and motion map pro¬ 
vided that with every interval of time the ball moves 
a greater distance than in the interval before. 

From the images, we can see that the ball fell 
roughly the same distance in the first 0.3 seconds 
as it did in the next 0.15 seconds. This is because 
the longer it falls, the faster it is moving. 



0.00 s 

8 0.05 s 
0.10 s 

O 0.15 s 
O 0.20 s 

I 

O 0.25 s 

i 

O 0.30 s 


I 


O 0.35 


I 


O 0.40 s 


O 0.45 s 


Figure 2.11: Images and corresponding motion 
map of a falling ball. Images were taken every 0.2 
seconds. [I] 

Comparing with the calculations on the right, we 
see that this ball fell slightly less than 1.3 m while 
it was being recorded by the camera. 


Knowns 

Unknowns 

m = 2.4 kg 

tf 

2/o = 1-3 m or 2.6 m 

E k,f 

Vf = 0 

V V,f 

o 

II 

O 

p 

PyJ 

p 

II 

1 

tp 



We can find the time needed to hit the ground 
by considering the motion of the ball. Since the 
acceleration is constant, we can use Equation |1.2| 

x = xq + vq ■ t + a • t 2 


.. . and since we only need the y direction. .. 

1 2 

V = Vo + V0y -t + -a v -t 

In this equation, we already know everything about 
the moment just before the ball hits the ground (tf) 
except for the time itself. 


Vf =0 = 2/o - ^g-t 


2 

/ 


Solving for tf, we find . .. 



tf is 0.515 s when dropped from 1.3 m and 0.728 s 
when dropped from 2.6 m. 
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The total energy of an object or system of objects 
can only change if work is done on the object(s) by 
external forces. If we know the initial gravitational 
potential energy and kinetic energy of the ball just 
before it is released, that is the same as the energy 
of the ball just before it hits the ground, since no 
other forces act on it. This is called conservation 
of energy. 

We will not yet start to consider spring or thermal 
energy. Kinetic energy is energy of motion, and 
since the ball isn't moving at the moment it is re¬ 
leased, it doesn't have any kinetic energy. It does, 
however, have gravitational potential energy since 
it is elevated above the ground. 

Just before it hits the ground, it will not have 
any gravitational potential energy, so all of the 
gravitational potential energy has changed into ki¬ 
netic energy, and the ball dropped from 2.6 m will 
have twice as much kinetic energy as the same ball 
dropped from 1.3 m. 



1.3 top 1.3 ground 2.6 top 2.6 ground 


Figure 2.12: Energy bar graph of a ball falling from 
two different heights[l] 

The first set of bars represents the kinetic & grav¬ 
itational potential energy of a ball at the instant it 
is dropped from 1.3 m. The second two bars rep¬ 
resent the same ball just before it hits the ground. 
The third and fourth sets of bars are similar, but 
for a ball dropped from 2.6 m. 


The total energy of a system cannot change unless 
an outside force does work W on it. 


W - EtotJ ~ E to t,i 


( 2 . 1 ) 


.. .where the subscript tot means “total." In this 
case, there is no work done by an external force, 
and we only have U g and Ek, so... 


Ug,i + Ef^ i — Ug f + Ek f 


.. . or... 


1 2 1 2 
m- g-yi + -m-Vi = m-g ■ y f + -m-v f 


.. . so in this case... 


1 Q 

m-g-yo + 0 = 0+ -m ■ Vj 

The term on the right is Ekj, which is equal to 
U g j. That is 30.6 J when dropped from 1.3 m and 
61.2 J when dropped from 2.6 m. 


When the ball is dropped from twice as high, it hits 
the ground at a higher speed, but not quite double. 
That is because the acceleration is constant the 
whole time, and acceleration changes velocity over 
time. Not over distance. Since the time is not 
double, neither is the final velocity. 

The ball started with no momentum, but the force 
of gravity acting on it while it was in free-fall gave 
the ball momentum in the downward direction, and 
as with energy and velocity, when it is dropped from 
a higher position it gains more momentum before 
reaching the ground. 


We can find the final velocities by solving the equa¬ 
tion above for Vf\ 

Vf =\/2 • g • Uo 

Adding in the direction, v y j = -5.05 m/s for 1.3 m 
and Vyj = -7.14 m/s for 2.6 m 

We can use m and v y j to find p y j'. 

Pyj = m ' v yJ 

That is, -12.1 ^ for 1.3 m and -17.1 ^ for 

S S 

2.6 m 
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2.4 Being Thrown to the Ground 


Words 


Graphics 


Numbers 


A 2.4-kg ball is thrown straight downward with a 
speed of 5.05 m/s from a height 1.3 m above the 
ground. Air resistance is very small, so we will ig¬ 
nore it. We will consider only the vertical direction. 

We should be able to find the amount of time that 
is needed to reach the ground and also the kinetic 
energy, velocity, and momentum of the ball just 
before it hits the ground. 

The ball is in free-fall, which tells us that it is ac¬ 
celerating downward because of gravity. The ball is 
being thrown downward, which also indicates that 
a force was used to throw the ball, but this situation 
doesn’t include the actual throwing. This situation 
describes the ball after it is released, so there is NO 
"force of throwing" in this situation. If we looked 
at how the ball was thrown, then there would be a 
normal force from a hand or something similar to 
consider. But in this situation the ball has already 
been thrown, so there is no hand to consider. 


If we are not provided with an image of some kind, 
again we should make a sketch of the situation. 



Figure 2.13: Rough sketch of a ball that was 
thrown downwardjl] 

Making a sketch like this helps us to see and re¬ 
member important information, for example in this 
case the force and the initial velocity are in the 
same direction. 


Knowns 

Unknowns 

to = 2.4 kg 


Vo = 1-3 m 

E k,f 

O 

II 

*«-» 

v vJ 

vo y = -5.05 m/s 

PyJ 

1 

II 

cs 



We can find tf by considering the motion of the 
ball. Since the acceleration is constant. .. 

1 2 

Vf = Vo + v 0 y ■ t f + -a y ■ t f 

.. . which can be rearranged to... 

-dy ■ t 2 f + V 0 y ■ tf + (y 0 - Iff) = 0 

tf and t 2 both appear in this equation, so we can 
use the quadratic formula to get two solutions: 
0.213 s and -1.24 s. The negative solution is math¬ 
ematically correct but cannot physically be the so¬ 
lution, so tf = 0.213 s. 


There are many different correct ways to go about 
finding all of the unknown quantities. To demon¬ 
strate this, since we know the net force on the ball, 
the calculations in the right column can be done for 
final momentum after finding the final time when 
the ball reaches the ground. In the previous sec¬ 
tion of this book, momentum was the last quantity 
found. 


1 

F g 

Figure 2.14: FBD of a ball in free-fall [1] 


Since in this situation F net = F g , we can use Equa¬ 
tions [L4]&[T7] to find the final momentum. 

_ PyJ ~Pyf _ „ 

At ' At ' 9 

Rearranging, p y j = -to ■ g ■ At + po y , or. .. 


p y j = -to -g-At + m- vq v = -17.1 


kg • m 

s 
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1.3 


The momentum of the ball just before it hits the 
ground is directed downward, and is actually equal 
to the final momentum in the last section, for a 
similar ball that was dropped from a higher initial 
position. Since the balls have the same mass and 
the same final momentum, they also have the same 
final velocity. 

We can again use conservation of energy to find 
the final kinetic energy, but this time we need to 
remember that the ball also starts with kinetic en¬ 
ergy. As it falls, its kinetic energy increases as its 
gravitational potential energy decreases, so that its 
total energy stays constant. 

Just before hitting the ground, the ball has no grav¬ 
itational potential energy, because it has changed 
into kinetic energy. For this situation, since the 
ball has the same mass and the same final velocity 
as the ball dropped from the higher position in the 
last section, the two balls also have the same final 
kinetic energy. 


0 m/s— | 


v v f = -7.14 m/s 

' 2.4 kg 


Figure 2.15: Final momentum bar of the falling 
ball. Since we already know the area and the width 
of the bar, we can find its heightp] 


60 


— 40 

So 


20 


0 

just thrown just before hitting 



- 17.1 

kgni 

s 


Figure 2.16: Energy bar graph for a ball being 
thrown to the ground, showing energy when it is 
just thrown and just before it hits the grou ndffl 


Using Equation 
of the ball. 


we can find the final velocity 


PyJ ~ 171 ' v y j, so... 

v v f = = -7.14 m/s 

m 


We can use work and energy, Equation |2.1| to 
find Ekj, and since no external work W is being 
done.. . 

i + E}~i — UgJ + EkJ 

.. . or... 

1 2 

m ■ g ■ y Q + - to • v 0 = m ■ g ■ y f + E kJ 

.. . which gives E k j = 61.2 J. 


The final condition of the ball described in this sec¬ 
tion is the same as that of the ball dropped from 
a higher position in section 2.3 That is because 
when the ball dropped from the higher position 
reaches the same height as the ball described in 
this section, it has the same velocity as the initial 
velocity of the ball described in this section. It ap¬ 
pears that only the time is different, but the time 
found in this section is equal to the time needed 
for the ball in section l2~3l to travel the last 1.3 m 
of its fall. 
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IV 
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0 0.2 0.4 0.6 0.8 

Time [s] 

Figure 2.17: Velocity during free-fa 11 [1] 


We could also have found the final velocities using 
the knowledge that acceleration is the change in 
velocity over time... 


( 2 - 


The y components of this equation can be rear¬ 
ranged to solve for v y j: 


a = 


A v 
At 


Vf ~ v i 

At 


Vyj ~ Vy ,2 + CLy ' At 
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2.5 Being Thrown Upward 


Words 


Graphics 


Numbers 


A 2.4-kg ball is thrown straight upward with a 
speed of 5.05 m/s from a height 1.3 m above the 
ground. Air resistance is very small, so we will ig¬ 
nore it. We will consider only the vertical direction. 

We should be able to find the height at the peak 
of the ball's flight, the amount of time that is 
needed to reach the peak, and also the kinetic en¬ 
ergy. gravitational potential energy, velocity, and 
momentum of the ball at the peak. 

The ball is in free-fall, which tells us that it is 
accelerating downward because of gravity. This is 
almost exactly the same as the situation consid¬ 
ered in the last section-the only difference is that 
now the ball has been thrown upward, opposite the 
force of gravity. Again, there is no force from the 
hand that threw it (or of whatever else might have 
thrown it), because the question begins with the 
ball already having been thrown. 


Again we should make a sketch. This is the same as 
the sketch from section 2.4 except that one arrow 
changed direction. 




I 




Figure 2.18: Rough sketch of a ball that was 
thrown upward jl] 


Knowns 

Unknowns 

to = 2.4 kg 

Vf 

Vo = 1-3 m 

tf 

vo y = 5.05 m/s 

E k,f 

a y = -a 

FgJ 


v vJ 


PyJ 


Note that the only changes to the “knowns" from 
2.4 are that there is no on vq v and yj 
v y j is now unknown; and U g j 


section 

is now unknown, 
has been added as an unknown. 


Three of the six unknowns are easy to find, once 
we realize that at the peak the ball is not moving. 
That makes Ekj = 0, v y j = 0, and p y j = 0. 


In every situation up until this one, a force has 
increased both the speed and the magnitude of the 
momentum of the object we are considering. This 
time the force does the opposite. That is because 
the initial velocity is opposite the direction of the 
net force. 

The ball still accelerates in the direction of the net 
force, but the acceleration slows down the ball in¬ 
stead of speeding it up! 


1 

Fg 

Figure 2.19: FBD of a ball in free-falljl] 

A free-body diagram shows the downward force 
with no indication of upward velocity, exactly the 
same as in section l2~4l 
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In regular English, it is normal to refer to “slow¬ 
ing down" as "decelerating,” and “speeding up" as 
"accelerating.” That is not the case in physics. We 
will always use the word “acceleration” to indicate 
that an object's velocity is changing. Sometimes 
the magnitude of the velocity (speed) may be in¬ 
creasing; sometimes it may be decreasing; and in 
some cases the speed may be staying constant but 
the direction may be changing. To avoid confusion, 
we will refer to all of these situations as accelera¬ 
tion. 

We can again use conservation of energy to find 
the final gravitational potential energy. At the be¬ 
ginning, the ball has both gravitational potential 
energy, since it is elevated above the ground, and 
also kinetic energy, since it is moving. As it goes 
upward, it slows down, ultimately stopping when it 
reaches the peak. That means it is losing kinetic 
energy, and all of the kinetic energy it loses is trans¬ 
forming into gravitational potential energy. So at 
the peak, all of its initial energy has changed into 
gravitational potential energy. 

When the ball reaches the peak, its height and its 
gravitational potential energy are at a maximum, 
while its speed and kinetic energy are at a min¬ 
imum. The momentum was positive as the ball 
was going up, since “upward” is usually considered 
a positive direction. At the top, the momentum 
is zero, and unless something intervenes, a short 
time later the ball will be moving downward, so 
the momentum will be negative. 


to 

-M 

‘u 

o 

CD 

> 



Time [s] 

Figure 2.20: Velocity during free-fa 11 [1] 
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^ 40 


"E k 
0B U n 



just thrown 


at peak 


We know the acceleration and the initial and fi¬ 
nal velocity of the ball, so we can rearrange the y 


components of Equation 2.2 to find tf\ 


At = t 


o 


to - 


v V,f v Oy 


.. . giving tf = 0.515s, using t 0 = 0. 

We can use conservation of energy with no external 


work, Equation 2.1 to find U g j. 

Ug : i + “ Ug , f + E k f 

.. . or... 

1 2 

m-g-y Q + -m-v 0 = U g j + 0 

.. . which gives U g j = 61.2 J. 

The final height can be found from the gravita¬ 


tional potential energy using Equation 1.5 

U g j =m • g ■ y f 
This gives yf = 2.6 m. 


Figure 2.21: Energy bar graph for a ball being 
thrown upward, showing energy when it is just 
thrown and at the peak of its flightpjj 
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2.6 Up and Back Down 


Words 

A 2.4-kg ball is thrown straight upward with a 
speed of 5.05 m/s from a height 1.3 m above the 
ground. Air resistance is very small, so we will ig¬ 
nore it. We will consider only the vertical direction. 

In Section l2~5l we considered this exact same situ¬ 
ation, but stopped when the ball reached the peak 
of its flight. This time we will consider the entire 
flight of the ball until the moment just before it 
hits the ground. Let's focus on the initial condi¬ 
tion of the ball when it has just been thrown, the 
peak of its flight, the time when it passes the same 
height from which it was thrown, and the moment 
just before it hits the ground. 

Again the ball is in free-fall, which tells us that it 
is accelerating downward because of gravity. That 
acceleration is valid for the entire time that the 
ball is in the air. Some people are surprised by 
this, thinking that the acceleration should be zero 
at the peak of the ball's flight, but if that were 
true then the ball would just stay there instead of 
coming back down. 

If we look back at the previous sections of this chap¬ 
ter, we have already found all of the pieces of in¬ 
formation for the ball as it travels along this entire 
path. We just need to put it all together. 


Graphics 

An initial sketch if this situation, would look exactly 
the same as the sketch from Section l2~5l So instead 
let's try to draw a motion map for the ball. 



0 " 


V 

Oil- 

Figure 2.22: An attempt at a motion map. The 
ball’s path turns back on itself, making a motion 
map difficult to read. The numbers give the order 
of the points, but the time scale is not given. [T] 

A motion map is not the best way to show the 
motion of an object that retraces its path. 


Numbers 

Unknowns 

Upeak ? Vdown i Ubottom 
tpeaki tdowm tbottom 
Ek,peaki ^k,dowm Eh ,bottom 
Ug,peak-> Ug^downt Ug,bottom 
Vy^peaki Vy,dowm ^y,bottom 
Py,peak ? Py,down i Py,bottom 

The subscript "peak" refers to the peak of the ball's 
flight; “down" refers to the time when it passes the 
same height from which it was thrown; "bottom" 
refers to the moment just before it hits the ground. 

We have already found the time required to go from 
each of these positions to the next: 


Description 

Interval 

Where fou 

t = 0 to tp ea j. - 

0.515 s 

Section 

2.5 

tpeak ^0 tdown 

0.515 s 

Section 

2.3 

tdown tO bottom 

0.213 s 

Section 

2.4 


Section |2.3| gives the time for t pea k to tdown if we 
realize that the time required for a ball to fall 1.3 m 
does not depend on the height from which it was 
dropped. So the ball that was dropped from a 
height of 1.3 m reaches the ground in the same 
amount of time that a ball dropped from a height 
of 2.6 m falls 1.3 m. 


Knowns 

to = 2.4 kg 
yo = 1-3 m 
vo y = 5.05 m/s 
a y = -g 
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The ball starts out moving upward, steadily slowing 
down until it reaches the peak of its flight, so that 
its velocity is zero at the peak. It doesn't stay 
at the peak, but turns around and falls downward, 
steadily speeding up until it hits the ground. When 
the ball is falling and passes the same point from 
which it was originally thrown, it will have the same 
speed that it started with, but the direction will 
have changed from upward to downward. 

If you graph the position as a function of time, 
the graph forms a parabola shape with its opening 
pointed downward. 

If you graph the velocity as a function of time, 
the graph forms a straight line, because the accel¬ 
eration is the same during the entire flight: the 
acceleration caused by gravity in the downward di¬ 
rection. 


Momentum follows the same pattern as velocity. 
Initially it is upward, and it decreases as the ball 
goes upward. At the peak, the ball has no mo¬ 
mentum, and on the way down its momentum in¬ 
creases, this time in the downward direction. 

Initially, the ball has some gravitational potential 
energy, since it is above ground level, and it also 
has some kinetic energy, since it is moving. At the 
peak of its flight the ball is not moving, so it has 
no kinetic energy. All of the kinetic energy has 
changed to gravitational potential energy at that 
point. As the ball falls, the gravitational energy 
transforms into kinetic energy until by the time it 
is about to hit the ground it has only kinetic energy. 




Time [s] 

Figure 2.23: Position & velocity graphs for a ball 
in free-fall(T] 



t=0 peak down bottom 


Figure 2.24: Energy bar graph for a ball in free- 
fall . [I] 


Since the acceleration is constant and we are con¬ 
sidering only the vertical direction... 


V = Vo +v 0y -t + -a y ■ t 2 


. In this situation... 

y = 1.3 m + 5.05 m/s • t - -9.8 m/s 2 ■ t 2 

. And for the velocity we can rearrange Equa¬ 
tion [2]2] to find the velocity in the y direction at 
any time t: 

Vy ~ VQy + CLy ' t 

In this situation... 

v y = 5.05 m/s - 9.8 m/s 2 ■ t 


From Equation 1.3 p =m - v, so 


Py = m ■ Vy - TO • (VQ y + CLy ’ t) 

In this situation... 

p y = 2.4 kg • 5.05 m/s - 2.4 kg • 9.8 m/s 2 ■ t 


From Equation 1.5 U g = m ■ g ■ y, so. 


U g = 2.4 kg • 9.8 m/s 2 ■ y 


From Equation 1.6 E k =\m-v 2 , so. 


E k =~ 2.4kg • v y 2 
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2.7 Accelerating in a Car 


Words 


Graphics 


Numbers 


Up to this point, we have only worked with acceler¬ 
ation due to the force of gravity. But other forces 
can cause acceleration. Now we will consider a car 
sitting motionless, accelerating to a given velocity, 
and maintaining that velocity. 

A Ferrari Enzo with a mass of 1500 kg can go from 
zero to 60 mph in 3 seconds. Assume that it ac¬ 
celerates uniformly for 3 s and then maintains its 
speed for another 3 s. Describe the net force on 
the car, the energy of the car, the displacement of 
the car, and the momentum of the car during these 
time intervals. 



Figure 2.25: A Ferrari Enzo.[6] 


This situation has two distinct parts that need to be 
separated mathematically. Acceleration is constant 
in the first 3 s, and constant in the second 3 s. 
But since they are different, we will have one set 
of mathematical models from f = 0tot = 3s and 
another from f = 3stot = 6s. 


Knowns 

to = 1500 kg 

v 0 x = 0 

v x , 3-6 = 60 mph 


Unknowns 

Fnet, 0-3 ; ^'net,3-0 

E for the whole time 

Aa^o-3 i Aa; 3 _g 

~p for the whole time 


Let's start by just imagining ourselves in the Ferrari. 
What would it feel like? We would feel the car ac¬ 
celerating as we started, rapidly gaining speed. But 
then it would feel different after the first three sec¬ 
onds because we would just be moving at constant 
speed. In fact, if you are moving at constant speed 
it feels almost like you are not moving at all, unless 
you are watching the scenery go past outside the 
window. 

Since it is force that causes acceleration, there must 
be a large net force for the first three seconds push¬ 
ing us forward, but then the net force drops to zero 
after three seconds. 


Motion Map 

Is 2s 3s 4s 5s 6s 

o s oo—*o— 


Figure 2.26: A car accelerating for 3 seconds and 
then moving at constant velocity for 3 secondsjl] 


Let's begin by finding the net force. Using Equa¬ 
tion [TTT] and Equation |1.3| we find... 

-T— = Ap _ (p}-Pi) _ TO • (yf -Vj) 

net “ At At At 


Velocity is not changing from 3 to 6 s, so Fnet, 3-6 = 0. 
And from 0 to 3 s. .. 


Acceleration on a motion map appears as a change 
in the arrows from one dot to the next. For the 
first three seconds, the arrows are getting longer 
to the right, showing that there is acceleration to 
the right, and thus a net force to the right. After 
three seconds the arrows are all the same length 
and the same direction, showing that there is no 
acceleration, so zero net force. 


1500 kg • (60 mph x - 0) 


We still need to convert the units, so... 

——- /1500kg• 60mph\ / 1609m\/l hour \ „ 

net V 3 s / V 1 mile j \ 3600 s ) X 


Fnet,0-3 = 1-34 X 10 4 N X 
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What about the energy of the car? If we are on 
flat ground, the height is not changing, so we don't 
need to worry about gravitational potential energy. 
We don’t need to consider the vertical direction at 
all for this situation. We can focus on just the 
horizontal direction. 

The only type of energy that we need to consider 
is kinetic energy. Initially the car is not moving, 
so there is no kinetic energy. But over the first 
three seconds the speed of the car is increasing, so 
the kinetic energy is also increasing. But after the 
first three seconds the speed is constant, so for the 
last three seconds the kinetic energy will remain 
constant at whatever value it had after the first 
three seconds. 

Energy is conserved in a closed system, but in this 
system the energy of the car is changing. That is 
because there is an external force acting on the car. 
This force is the friction between the tires and the 
road. To convince yourself of that, ask what would 
happen if the car were sitting on an oil slick or a 
sheet of ice. Without friction, the tires would spin 
uselessly and the car would not move. This force 
from friction does work on the car, giving it kinetic 
energy. 

The car's momentum will change in the same way 
that its velocity changes. So initially it has no mo¬ 
mentum; then momentum steadily increases for the 
first three seconds while a constant net force is ap¬ 
plied; and finally the momentum remains constant 
after three seconds when there is no net force act¬ 
ing on the car. 



Position [m] 


Figure 2.27: A force in the direction of motion 
does an amount of work equal to the area under 
the curve in a Force-vs-Position graph.[1] 


■ 10 4 



Figure 2.28: Momentum changes while there is a 
net force, then remains constant when the net force 
is zero.p] 


The net force acting on the car does work on the 
car, giving it kinetic energy. The amount of work 
done by the force depends on the displacement: 


ITnet — P'net ' Ax — F ne t ' Ax • COs($) 


(2.3) 


.. . where 9 is the angle between F net and Ax. 


This work will often be used in conjunction with 


Equation 2.1 to find the change in energy of a sys¬ 
tem. In this example, we are only working with 
kinetic energy. We know the mass of the car and 
its velocity at t = 0 and t = 3 s, so that gives us 
the kinetic energy at each of these times. Using 
Equation |2.3| and Equation |2.1| we can find the 
displacement of the car during that time. 


ATz/g — W ne t — F ne i • Ax — F ne i • Ax • cos(O) 


8 is zero because F net and Ax are in the same 
direction. Rearranging to solve for Ax gives... 


Ax 0 _3 


AEkfi-3 

Fnet, 0-3 


5.39 x 10 5 J 
1.34 x 10 4 N 


We can use the x part of Equation |1.2| to find 

Ax 3 _ 6 : 

1 2 

x = x 0 + v 0x -t+ -a x -t 
With a x = 0 and using 3 s as our “t = 0", ... 
Ax 3_6 = x - xq = XQa; • f+0 = 60 mph • 3 s = 80 m 
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2.8 Braking in a Car 


Words 


Graphics 


Numbers 


A Ferrari Enzo with a mass of 1500 kg is traveling 
at 26.8 m/s and suddenly applies its brakes, giving 
it an acceleration of 15m/s J in the direction oppo¬ 
site its motion. Describe the net force on the car, 
the car's momentum, the time required to stop, 
and the stopping distance. 

If the car had been traveling at twice that speed 
and then braked with the same acceleration, by how 
much would the net force, the momentum, the time 
required to stop, and the stopping distance change? 



Figure 2.29: A Ferrari Enzo.[6] 


Knowns 

m = 1500 kg 

vq x = 26.8 m/s 
a x = -15 m/s 2 
v f = 0 

Note that the acceleration is negative, while the 
initial velocity is positive. This is equivalent to the 
statement that acceleration is opposite the direc¬ 
tion of motion. The stopping distance would be 
the change in position, in other words, the displace¬ 
ment. 


Unknowns 

F n et 

t f 

Ax 


When we are in a car that is braking, its speed is 
decreasing. That means the acceleration is oppo¬ 
site the direction of motion, so if your car is moving 
forward then the acceleration is backward. 

Again, since it is force that causes acceleration, 
the net force must be pointing in the direction 
opposite the car's motion. The acceleration de¬ 
scribed above, 15m/s 2 , is larger than the accelera¬ 
tion caused by gravity on the surface of the earth, 
so this car must be braking very hard. We should 
expect it to stop quickly. 

The car's momentum changes along with veloc¬ 
ity, starting large and steadily decreasing until it 
reaches zero when the car is stopped. 


Free Body Diagram 

F f * - « 

Figure 2.30: FBD of a car that is traveling to the 
right and braking, horizontal direction only[l] 


Before braking Stopped 

vq x — 26.8 m/s 


' 1500 kg 1500 kg 

Figure 2.31: Momentum bars before and after 
braki ng[I] 


Let’s begin by finding the net force. Using Equa¬ 
tion [T8] we find. .. 

F ne t = m • a = 1500 kg • (-15 m/s 2 x) 

.. . so = -2.25 x 10 4 N x 

Since the acceleration is constant until the car stops 
moving, this force is also constant until the car 
stops moving. 

Given the mass and the initial and final velocity, 
we can use Equation |1.3| to find the initial and final 
momentum of the car: 

Po =1500 kg • 26.8 m/s x = 4.02 x 10 4 kg • m/s x 
Pf =m -Vf = 0 
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What would be different if the car had been trav¬ 
eling at twice the speed, and had braked with the 
same acceleration? 

Since force is directly related to acceleration but 
not related to velocity, the frictional force of brak¬ 
ing would be the same. 

The final momentum would still be zero, but the 
initial momentum would double along with the ve¬ 
locity. 

Remember that acceleration is a change in velocity 
over time. Since we are more familiar with speed 
and distance, let’s use that as an example. Speed 
is a distance over time. If you travel at the same 
speed but need to go double the distance, the time 
would have to double, right? It is the same with 
acceleration and velocity: 



Time [s] 


Figure 2.32: Velocity vs time, braking.JT] 


The area under the curve of a velocity vs time 
graph is equal to the displacement. In this case, the 
maximum velocity is 26.8 m/ s and the maximum 
time is 1.79 s. The area of a triangle is: 


A 


triangle 



h 


The time required to stop can be found using Equa¬ 
tion 12.21 

Av 
a ~ ~r~ 

At 

If we set tj = 0, this can be rearranged to... 


t = v f - v o = 0 - 26.8 m/s x = 1 JQ g 
a -15 m/s 2 i 


The displacement can be found by considering en¬ 
ergy. Initially the car has kinetic energy, and the 
braking force acting over a distance does negative 
work on the car, removing all of its kinetic energy. 
Using Equation |1.6| . . 

A E k = E kJ - E k i = 0--m-v% x 

And according to Equation|2.3|and Equation|2.1|.. 


• Speed is a distance over time; double the dis¬ 
tance means double the time. 

• Acceleration is velocity over time; double the 
velocity means double the time. 


The distance traveled before stopping would cer¬ 
tainly be longer if we started with double the speed 
and braked with the same acceleration. In fact the 
distance increases by much more than double. If 
you start at double the speed, it takes half of the 
braking time just to get down to the original speed; 
in the first half of the braking time you would move 
a much farther distance than if you had been trav¬ 
eling at the original speed that whole time. And 
you still wouldn't have stopped! 


... where b is the triangle’s base and h is its height. 



Time [s] 


Figure 2.33: Velocity vs time, braking.[T] 


A E k = W net =F net ■ Ax 


Setting these equal to each other and solving for 
Ax gives... 


Ax 


u 0x 


F n 


-5.39 x 10 5 J 
-2.25 x 10 4 N 


23.9m 
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2.9 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 

• Units in an equation cancel just like variables or numbers. 

• Numbers with different dimensions can be multiplied or divided, but not added or subtracted. 

• Physical quantities should be converted to SI units before being used in calculations. 

• When thinking about a physical scenario, it is often helpful to make a sketch. 

• Conventionally, right is the positive “x" direction x. 

• Conventionally, up is the positive “y” direction y. 

• Sometimes a calculator can give answers that are correct mathematically but cannot be physically 
correct. 

Forces 

• In U.S. Customary units, pound is the unit of force; slug is the unit of mass. 

• If a force acts in the direction opposite to the velocity of an object it will slow the object down. 

• Depending on the situation, a force of friction can either increase or decrease an object's speed. 

• A force acting in the direction of an object's displacement does positive work on the object. 

• A force acting opposite the direction of an object’s displacement does negative work on the object. 

Motion 

• The change in the position of an object is called its displacement. 

• Displacement can be positive or negative. 

• The total distance an object moves, or the length of the path it follows, is always positive. 

• The slope of the line on a postion-vs-time graph is the velocity. 

• The slope of the line on a velocity-vs-time graph is the acceleration. 

• Acceleration refers to a change in velocity whether the speed is increasing, decreasing, or staying the 
same. 

• The acceleration of an object in free-fall is constant throughout the time the object is in the air, even 
if it is not moving at some point in time during the flight. 

• The area under the curve of a velocity-vs-time graph is the displacement of the object. 


Momentum 


• Momentum is negative if velocity is negative. 

• If velocity is negative, momentum bars have negative height, and thus negative area. 

• The slope of the line on a momentum-vs-time graph is the net force on the object. 

Energy 

• The area under the curve of a force-vs-distance graph is the amount of work done by the force. 

• Work changes an object’s kinetic energy. 

Mathematical Models 


equation 

restrictions on the validity of the equation 

W - E t otj ~ E tott i ( 

2.1 


-none- 

II 

~ s\ 

2.2 


only valid when the net force is constant 

y^net ~ Fnet * — Fnet • /\x • COs(^) ( 

2.3 


only valid when the net force is constant 












2.10 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], See the appendices for conversion factors. 


Level 1 - Remember 

2.1 [W] List two reasons for using SI units instead of U.S. Customary Units in physics. 

2.2 [N] Give the appropriate SI units and U.S. Customary units for each of the following: 



SI (Systeme International) Unit 

U.S. Customary Unit 

length 



force 



mass 



speed 




2.3 

2.4 

2.5 

2.6 

2.7 

2.8 


[G] How does one find work from a graph of force vs. position? 

[G] How does one find force from a graph of momentum vs. time? 

[G] How does one find acceleration from a graph of velocity vs. time? 

[G] How does one find displacement from a graph of velocity vs. time? 

[G] How does one find velocity from a graph of position vs. time? 

[W & N] Add labels to each equation in the "Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. 


Level 2 - Understand 

2.9 [W] The word “acceleration” is used in physics to mean a change in velocity. What is happening to 
an object's speed when it is accelerating? 


Level 3 - Apply 


2.10 [G] Draw a free-body diagram for the ball in Section |Z3 


2.11 [G & l\l] What is the total displacement of the ball described in Section |2.6| from the time it is 
thrown to the moment just before it hits the ground? Remember that displacement is a vector. 


2.12 [G & N] What is the total distance (path length) traveled of the ball described in Section [276] from 
the time it is thrown to the moment just before it hits the ground? 

2.13 [W] Describe the momentum of a ball that is dropped from the time it leaves a person's hand until 
the time just before it hits the ground. 


2.14 [G] Section [2/7] describes a physical situation of a car accelerating and then traveling at constant 
speed. 













(a) Draw a velocity vs. time graph for the car in this situation. Be sure to use SI units. 

(b) Show how the displacements of the car for the first 3 s and the second 3 s can be found from 
the graph. 

(c) Show how the acceleration in the first 3 s and the second 3 s can be found from the graph. 


Level 4 - Analyze 


2.15 [G] Figure 2.4 shows a graph of position vs. time for an object that is moving at 2 m/s. Draw a 
similar graph for an object that is moving at 5 m/s for 10 s. 


2.16 [W, G, & N] In Section 2.2 there was a 170-g hockey puck sliding across a sheet of ice. If the mass 
of the hockey puck had been 340 g and everything else in the situation stayed the same, which of the 
following would change? 

(a) The sketch at the beginning of Section |Z2~|(and make a new sketch if any change is needed) 


(b) The free body diagram in Section 2.2 (and make a new FBD if any change is needed) 


(c) The calculation of kinetic energy in Section 2.2 (and find the new value for the kinetic energy if 
any change is needed) 

(d) The motion map in Section [2~2| (and make a new motion map if any change is needed) 

(e) The calculation of momentum in Section 2.2 (and find the new value for the momentum if any 
change is needed) 


(f) The calculation of displacement in Section 2.2 (and find the new value for the displacement if 
any change is needed) 


2.17 [W, G, & N] In Section [Z2] there was a hockey puck sliding across a sheet of ice at 24 m/s. If 
the speed of the hockey puck had been 12 m/s and everything else in the situation stayed the same, 
which of the following would change? 

(a) The sketch at the beginning of Section |Z2~|(and make a new sketch if any change is needed) 


(b) The free body diagram in Section 2.2 (and make a new FBD if any change is needed) 


(c) The calculation of kinetic energy in Section 2.2 (and find the new value for the kinetic energy if 
any change is needed) 

(d) The motion map in Section [2~2| (and make a new motion map if any change is needed) 

(e) The calculation of momentum in Section 2.2 (and find the new value for the momentum if any 
change is needed) 


(f) The calculation of displacement in Section 2.2 (and find the new value for the displacement if 
any change is needed) 


Level 5 - Evaluate 

2.18 [NJCompare the change in gravitational potential energy for an object of mass m falling a distance d 
to the work done by the force of gravity on an object of mass m falling a distance d. 

2.19 [NJCompare the work done bringing an object of mass m from a complete stop to a speed v over 
a distance d to the work done bringing that same object from the same speed u to a stop over a 
distance d/4. 












Level 6 - Create 


2.20 [W, G, & N] At the beginning of Chapter[l]in Figure [rTj was a template for a concept map. Add 
the main ideas from this chapter to the concept map that you began for the question at the end of 
Chapter[l] 

2.21 [W, G, & N] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 
described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

2.22 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 


-fc. 

co 


Chapter 3 


Two Objects 


Up to this point we have only been looking at a 
single object. That object has always interacted 
with something else: A soccer ball rolling across 
the ground ; a hockey puck sliding on /ce; a ball 
falling under the influence of the earth's gravity; 
but we have never stopped to consider the second 
object and how it interacts with the first. 

There are two new things we will consider in this 
chapter: reference frames (also called frames of 
reference or points of view) and force pairs. 

Whenever we look at a physical situation, we need 
to be mindful of our reference frame. Up to this 
point, the surface of the earth has been used as 
a reference, and is assumed to be fixed in place 
as we consider the physics of each situation. But 
sometimes it will be easier to look at a situation 
from another reference frame that is moving with 
respect to the surface of the earth. For example, 
if you are a passenger in a car that is traveling 
at high speed, it is still quite easy to pick up an 
object that is sitting next to you, even though that 
object is traveling at high speed compared to the 
ground outside of the car. As long as the car is 
moving at a constant velocity, the physics inside 
the car is just the same as if the car were sitting still. 

The idea of force pairs comes about because forces are always interactions between objects. If any object 
exerts a force on something else, that something exerts the same amount of force back on the first object. 



Figure 3.1: Flere we see two objects that have inter¬ 
acted with each other. To understand the collision, 
we need to take both objects into account, and we will 
have to decide whether to look at the collision from the 
reference frame of a person in the truck, a person in 
the car, or a person standing by the side of the road.|7J 






3.1 Reference Frames 


Words 

Imagine standing on a bridge over the highway in 
the picture on the right. You would look at these 
vehicles and say that the two cars are going North 
at 25 m/s and the truck is going South at 25 m/s. 
You are comparing the velocities of the vehicles to 
your own velocity, which is zero if the surface of 
the earth is stationary. 

Of course the surface of the earth is not stationary 
because the earth is spinning and orbiting the sun! 
But in many situations we can ignore the motion 
of the earth itself. Since you are not moving with 
respect to the surface of the earth, we say that 
you are looking at the vehicles from the earth's 
reference frame. 

What are the velocities of the vehicles in each oth¬ 
ers' reference frames? 


Graphics 



Figure 3.2: Two cars traveling North and a truck 
traveling South, all at 25 m/s|8] 


Numbers 

We will need to introduce new notation for veloc¬ 
ity in different reference frames: ‘T 1 Z 2 ” will mean 
“the velocity of object 1 as seen by object 2." Us¬ 
ing this notation, making North the positive direc¬ 
tion, and referring to the cars just as “white” and 
“black". .. 


Knowns 

Unknowns 

Vtruck-dearth ~ ~ ^5m/s 

v white-*-truck 

Vwhite*-earth = +-^5 IIl/s 

V black-*- truck 

Vblack-dearth ~ +^5m/s 

struck-*-white 


vblack-*-white 


Vtruck-*-black 


vwhite-*-black 


To consider other reference frames, we just need 
to imagine ourselves in a different place. What 
would this situation look like if we were inside the 
black car? Since the white car that is ahead of us is 
moving at the same speed, in the same direction as 
us, it will actually appear not to be moving at all. 
If it is 20 meters ahead of us, it will stay 20 meters 
ahead of us as long as neither of us accelerates. 



To change from one reference frame to another, 
simply subtract the velocity of the object whose 
frame we are entering: 


1^3 = f2<-l ~ ^ 31-1 


(3.1) 


To go from the earth's reference frame to the black 
car’s reference frame, we can make “1” the earth, 
“2" the white car, and “3" the black car: 


Vwhite-*-black ~ Vwhite-*-earth Vblack*-earth 


Figure 3.3: The earth’s reference frame[9] 


Vwhite^biack = +25 m/s - (+25 m/s) = 0 


50 



































Similarly, 


Staying in the black car’s reference frame and look¬ 
ing at the truck, it appears to be moving very fast. 
From the bridge, the truck appeared to be moving 
25 m/s, but since we are moving in the opposite di¬ 
rection of the truck, it appears to be moving much 
faster. 

Interestingly, the earth itself and everything hooked 
to it appears to be moving in the reference frame 
of the black car. If you are sitting in the black car, 
you see houses, trees, and the cement barrier going 
past your window, even though they are motionless 
in the earth's reference frame. 

Often, it will be easiest to think about situations 
in the earth's reference frame, but all of the laws 
of physics are still true in any reference frame that 
is not accelerating. This type of reference frame is 
often called an "inertial reference frame." 

If you are riding in a train car and sipping from a 
cup of coffee, you understand the physics of taking 
a small careful sip, and you are able to do this 
as naturally on a train as you would if you were 
standing on solid ground. The laws of physics work 
just the same in the moving train as outside on 
solid ground. That is, unless the train is suddenly 
lurching out of the station, or applying the brakes, 
or going around a sharp curve. At those times, the 
inside of the train is a non-inertial reference frame, 
so the normal laws of physics do not apply inside 
the train car, and you spill your coffee. 



Figure 3.4: The black car's reference frame[9| 



Figure 3.5: The truck's reference frame[9] 


vtruck*-black Struck-*-earth Vblack-dearth 


Vtruck^biack = -25 m/s - (+25 m/s) = -50 m/s 


What happens if we look at the earth from the 


black car's reference frame? Using Equation 3.1 
where “3" is again the black car but this time the 
earth is both “1" and “2," 


Vearthi-black ~ ^ earth-*-earth Vblack-*-earth 

.. . and recognizing that the velocity of the earth in 
the earth’s reference frame is zero... 


Vearth*-black ~ 0 (+25 m/s) — 25 m/s 


The earth and everything solidly connected to it has 
a velocity of-25 m/s in the black car's reference 
frame! 


Notice that V ea rth*-bLack IS the Opposite of Vblack*-earth- 
This will be true for any pair of objects: 




(3.2) 
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3.2 Arm Wrestling 


Words 


Graphics 


Numbers 


In arm wrestling, two people grasp each other's 
hand and try to force the other person's hand down 
to the table. The hands start out motionless at the 
top, then large forces are applied. In a perfectly 
equal match those two forces will exactly balance 
each other and nothing will move. But if one force 
is larger than the other, the two hands will begin 
to accelerate in the direction that the larger force 
is pushing. 

For this example, one person will have a hand whose 
mass is 0.4 kg and their arm will apply a force of 
300 N to their hand. The other person will have 
a hand whose mass is 0.35 kg and their arm will 
apply a force of 299.9 N to their hand. Let’s find 
the acceleration of the hands and how much force 
each hand applies to the other. 



Figure 3.6: An arm wrestling match. 10 


Knowns 

mi = 0.4 kg 
m 2 = 0.35 kg 

vox = 0 


Unknowns 

a 


Fi- 


Here, mi is the mass of "hand 1," F± is the force 
applied by “arm 1” on “hand 1,” T\_» 2 is the force 
applied by “hand 1" on "hand 2," and similarly for 
the other subscripts. 


It may seem obvious that it is easy to find the force 
that the hands each apply to the other. One applies 
a force of 300.0 N and the other applies a force of 
299.9 N. But that is actually not correct! 

To see why this assumption is not correct, we have 
to start by considering the acceleration of the hands. 

If a clear drawing is not given, it is good to make 
a sketch to help with understanding the situation 
clearly, in this case, the sketch should show just 
the hands. 



Figure 3.7: A sketch of the two hands and the 
forces affecting them.[l] 


Note that only one acceleration a is listed as an 
unknown, instead of listing a,\ and 02 separately. 
Since both hands are in contact with each other 
the whole time, their motion will be identical, so 
they have the same acceleration. No subscript is 
needed. 

Since we have the forces and masses of the objects 
and are looking for acceleration, we will need to 
use Equation |1.8| 

Fnet =m ■ ~a 
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It is often helpful to consider systems of objects, 
rather than individual objects, to understand what 
is happening in a given situation. Here, both hands 
can be thought of as a single system. That system 
has two forces acting on it in the horizontal direc¬ 
tion: the force of the two arms. The two forces are 
in opposite directions, so they fight against each 
other. Since one force is larger than the other, we 
expect that the larger force will win. The hands 
will accelerate in the direction of the larger force. 

Now we need to think about each hand individually. 
If we think about the net force on the hands, that 
force accelerates both hands. Some of the force is 
used to accelerate one hand, and the rest is used 
to accelerate the other. So the force between the 
two hands is not the same as the net force on the 
two-hand system. In fact, it is just the right size 
that the force from hand 1 to hand 2 is exactly the 
same as the force from hand 2 to hand 1. 

This is true for all forces. For every force, there 
is an equal and opposite force on another object. 
This is called Newton’s Third Law. 



The net force on the two-hand system gives the 
acceleration of that system: 

F ne t = F\ + F 2 = +300.0 N x - 299.9 N x = +0.1 N x 

F ne t = +0.1 N x —m ■ a = 0.75 kg • a 
Solving for acceleration gives a = +0.13 m/s 2 x 


Figure 3.8: A sketch of both hands as one system 
and the forces affecting that system.[lj 

Free Body Diagram 

F\ > 0 < 

Figure 3.9: FBD of Hand 1 only, using Figure[3~7|lJ 


Now considering the forces and acceleration for 
Hand 1 only: 

F ne t = Fi + F 2 _>i -tn i • a = 0.4 kg • 0.13 m/s 2 x 


F\ + T 2 ->i = +300.0 N x + F 2 ->i =TOi • a = 0.52 N x 


Note that F\^ 2 is not included. It is a force from 
hand 1, not a force affecting hand 1. 

F\ is larger than F 2 ~>i, so some of the “excess" 
force is used to accelerate hand 1. The rest of the 
“excess” force is just enough to give hand 2 the 
same acceleration as hand 1. 


solving for F 2 ^i gives -299.48 N x. 

Going through the same process for Hand 2 gives 
the same magnitude but the opposite direction: 
F^ 2 = 299.48 N x. This will be true for any 
physical situation. 


F\^2 - ~F 2 ^ i 


(3.3) 
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3.3 Kicking Horizontally 


Words 

The image on the right shows a soccer player about 
to kick a ball. The 450-gram ball was initially mov¬ 
ing to the left at 5 m/s and after the kick it moves 
to the right at 15 m/s. 

What can be said about what happened during the 
kick from just this information? 

There is not really much information to work with 
here. The mass of the ball shouldn’t change be¬ 
cause of the kick. The only change described is 
the velocity of the ball. 


Graphics 



Figure 3.10: A soccer player kicking a ball. m 


Numbers 

Knowns Unknowns 

nil = 0.45 kg ??? 

vox = -5 m/s 
Vf = +15 m/s 

In this situation we are asked to find anything that 
we can, so there are no specific unknowns to look 
for. 

Given mass and velocity, perhaps momentum would 
be a good place to start. 


Velocity was to the right, and after the kick velocity 
is to the left at a higher speed. So there has been 
a change in momentum, not only in magnitude but 
also in direction. 


Momentum Bars 

After kick . „ 

Vf = 15 m/s x 


Imagine the kick in slow motion. The ball is moving 
left, then it comes into contact with a foot. The 
foot stops the motion to the left, removing all of 
the ball's initial momentum, and then gives the ball 
momentum to the right. 

This happens quickly, so in a short time the foot 
created a large change in the ball's momentum. A 
change in momentum is often called an impulse, 
especially when the interaction occurrs over a very 
small amount of time. 


Before kick 


v 0x = -5 m/s 


0.45 kg 


v = 0 


0.45 kg 


Figure 3.11: Momentum of the ball before and af¬ 
ter the kick. [1] 


Since momentum is always conserved in an isolated 
system, we know that something outside of the ball 
must have affected it. 


Since we have initial and final information about 
the ball, we can calculate its change in momentum. 


From Equation 1.3 


p =m ■ v 


.. .so... 

A p = Pf - Pi =m ■ vf - m ■ Vi = m ■ Av 

Ap =0.45 kg • (+15 m/s - (-5 m/s)) x 
A p = 9 kg • m/si 

A p is often called impulse. 
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Free Body Diagrams 


1.7 


Changing the momentum of the ball would have 
taken a force, so the foot applied a force to the 
ball, to the right. And since forces come in equal- 
and-opposite pairs, the ball must also have applied 
that same force to the foot, but in the opposite 
direction. 

This all happened very quickly, so the forces in¬ 
volved had to be very large but acting over a very 
small amount of time. 


The definition of force in Equation 1.7 tells us that 


^f 00 t^b a ll 

Figure 3.12: FBD of the ball as it is being kicked, 
horizontal direction onlyjl] 


FbalL-*foot ^ 


■0 


Ap 
~ A t 


.. . but we don’t know At. We do, however, know 
that At is very small, probably a few milliseconds, 
so the forces involved must be very large. Using 
Equation |3.3[ 


Figure 3.13: FBD of the foot as it is kicking the 
ball, horizontal direction onlyjl] 


Ffoot-*ball Fball-*foot 

.. . so there is also a very large force applied from 
the ball to the foot. 


We also know something about the kinetic energy 
of the ball: After the kick it was moving more 
quickly than it was before the kick. So its ki¬ 
netic energy increased. That means work must 
have been done on the ball. 

The foot must have done work on the ball, and if 
the foot continued moving to the right the entire 
time, it was doing work for the entire time that it 
was in contact with the ball. 

At the instant the ball came into contact with the 
foot, it was moving to the left, so it should be 
doing work on the foot, except that the foot was 
moving in the opposite direction. But what ac¬ 
tually happens during the collision is some of the 
energy gets stored as elastic, or spring, potential 
energy and some of the energy is transformed into 
heat, warming up the ball. So while total energy 
is conserved, some energy is usually lost to heat in 
a collision. That means that mechanical energy is 
not conserved in the collision. 


in 




Time 

Figure 3.14: Momentum is constant before the 
kick, changes rapidly during the kick, and then is 
constant again after the kick. [1] 


We don’t know the amount of time that the force 
is applied, but we do know that the time that the 
ball was in contact with the foot is exactly equal 
to the time that the foot was in contact with the 
ball. We also know that the force on the foot from 
the ball was exactly equal to the force on the ball 
from the foot. Since we know that the times are 
the same and the forces are equal an opposite... 


Ffoot~*ball ' At — Fball->foot ' At 


.. . or... _ x ^ 

A Pball = ~A Pf 00 t 

Pball, f ~ Pball,i ~ ~ ( Pfoot,f ~ Pfoot.f') 

.. . which can be rearranged to show that... 


Ptot,i ~ Ptot,f 


(3.4) 


This is true for any system of objects that is not 
affected by any external net force. 
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3.4 Elastic Collision 


Words 

One hard steel ball with a mass of 0.7 kg is sitting 
motionless when it is hit by an identical steel ball 
that is moving to the right at 3 m/s. A collision 
between steel balls is normally an elastic collision, 
which means that kinetic energy is conserved. 
Assume that there are no external forces affecting 
the balls. 

What is the final velocity of each ball? 


In any collision, the first thing to consider is mo¬ 
mentum, since momentum is always conserved for 
any isolated system. And the forces between the 
objects during a collision is usually so large that all 
other forces can be neglected during the collision. 
So for practical purposes, momentum is conserved 
for any collision, whether there are external forces 
or not. 

We are also told that kinetic energy is conserved in 
this collision, so the total kinetic energy before the 
collision is equal to the total kinetic energy after 
the collision. 


Graphics 



Figure 3.15: A moving ball about to hit a stationary 
ball p] 





Figure 3.16: Sketch of balls before the collisionp] 



Figure 3.17: Sketch of balls after the collision[T] 


Numbers 

Knowns 

mi = m 2 = 0.7 kg 
vi = +3 m/si 
V2j = 0 
Ek,i ~ Efc f 


Equation |3,4| tel Is us that: 

PUi+P2^i = PlJ +P2J 

nii ■ m/i + m 2 • V 2 j = mi • v±j + m 2 • v 2 ./ 

...but we don't know vij or v 2 j. We need a 
second equation. 

Given that kinetic energy is conserved (it is an elas¬ 
tic collision)... 

Ek,i — Ek f 

.. . or... 

\ m 1 ' «i,i + \ m2 ' v h = ■ v i,f + \ m 2 ■ vlj 


Unknowns 

V2J 
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Momentum before collision 


In this case, the ball on the right starts with no mo¬ 
mentum, and the ball on the left has momentum. 
So the total momentum of the system is to the 
right. Whatever happens during the collision, the 
total momentum will still have to be to the right 
after the collision. That could mean both balls will 
end up going to the right, one ball stops and the 
other goes to the right, or one ball goes to the left 
and the other ball goes faster to the right. 

Since there are so many options, in order to deter¬ 
mine what actually happens in a collision like this, 
you have to crank through the numbers. 

After going through the numbers, we find that 
there are three possibilities. They are illustrated 
in the center column with momentum bars. 

Possibility #1: Ball 1 stops completely and Ball 2 
has a final velocity that is the same as the initial 
velocity of Ball 1. 

Possibility #2: The velocities of both balls are the 
same as their initial velocities. This describes the 
situation if the first ball would have missed the sec¬ 
ond ball completely, so it is not the solution to what 
happens after a collision. 

Possibility #3: Ball 1 stops completely and Ball 
2 stays still. This cannot be correct, because this 
solution does not conserve momentum. 

So the first possibility has to be the solution: Ball 
l's final velocity is zero and Ball 2's final velocity 
is 3 m/s to the right. 


v x> i = +3 m/s 

Ball 1 

WWW 

Ball 2 ^x,i ~ 0 

kgm 

s 

0.7 kg 0.7 kg 


Now we have two equations and two unknowns, 
so we should be able to solve for both velocities. 
We can simplify the equations, since mi = W 2 and 
V 2 ,i = 0, giving. .. 


Vl = ViJ +v 2 j 


Figure 3.18: Total momentum before collision was 
+2.1 kg-m/s p] 


Possible momenta after collision 

Ball 2 

v x j = Om/s Ball 1 


0.7 kg 0.7 kg 


v x j = +3 m/s 
- v = 0 


Figure 3.19: Possibility #1: momentum is con¬ 
served, so if Vij tX = 0 then v-ij.x = 3 m/s[T] 


and 

V 1 ,i ~ v ij + V 2J 

Since there is only motion in the x direction, we 
can just consider the x part of the vectors: 

Vl,i,x = Vl,f,x ^ 2 J,x 

V 1 ,i,x ~ V 1 ,f,x + V 2,f,x 

Squaring both sides of the first equation... 

v l ,i,x = V 1 ,f,x + 2 • Vl ,f,x ■ V2,f,x + v 2J,x 

Now we have two equations for vf i x . Setting them 
equal to each other... 


, Ball 1 

v x j - + 3m/s hbh 

Ball 2 v x j = Om/s 

- y = o 

0.7 kg 0.7 kg 

Figure 3.20: Possibility #2: if V 2 j, x = 0 then 
Vij, x = 3 m/s. This is identical to the situation 
before the collision |1] 

Possibility #3: There is no way to draw momentum 
bars that conserve the initial momentum if the final 
velocities of both balls are zero. 


v lJ,x + v 2 J,x - V 1 J,x + 2 • Vl J,X ■ V2 J,X + v 2J,x 

.. . which can only be true if.. . 

2 ‘ Vl J )X • V2J,x = 0 

There are three possibilities: 


Possibility ^1 

Vl,f,x ~ 0 

V2 J,x * 0 

Possibility #2 

Vl J,x * 0 

V2J,X = 0 

Possibility #3 

Vl,f,x — 0 

V2J,x = 0 


Which ones make physical sense? 


kgm 

s 
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3.5 Two Moving Balls 


Words 


Graphics 


Numbers 


Two identical steel balls have an elastic collision 
with each other. Both have a mass of 0.7 kg. One 
is initially moving to the right at 1.5 m/s and the 
other is initially moving to the left at 1.5 m/s. 

What is the final velocity of each ball? 



Knowns 

mi = m 2 = 0.7 kg 
V\,i = +1.5 m/s x 
V 2 ,i = -1-5 m/s x 


Unknowns 


Figure 3.21: Two steel spheres that are about to 
collide.[1] 


In any collision, the first thing to consider is mo¬ 
mentum. The total momentum will be conserved. 
In this case Ball 1 has momentum to the right and 
Ball 2 has the exact same amount of momentum 
but to the left. So the total momentum of the sys¬ 
tem is zero. So after the collision, the balls will also 
have equal and opposite momentum. And since 
they both have the same mass, they will also have 
equal and opposite velocity, so the same speed but 
opposite directions. 

Since this is an elastic collision, we know that ki¬ 
netic energy is conserved. Initially, the speeds and 
the masses of the two balls are the same. Since the 
final speeds of the two balls are equal, the only way 
for the final kinetic energy to be the same as the 
initial kinetic energy is if the final speeds are the 
same as the initial speeds. Ball 1 ends up moving 
to the left at 1.5 m/s and Ball 2 ends up moving 
to the right at 1.5 m/s. 



Figure 3.22: Sketch of balls before the collision[l] 



Figure 3.23: Sketch of balls after the collision[T] 


As in Section |3.4| 


Pl,i+P2,i=Pl,f +P2J 


and 

\™>i ' «i,i + \rn 2 ■ I’l, = *rrci • v\j + *m 2 • vlj 

But in this case pij + p 2 / = 0. so. ■ ■ 


P2J = -Pij 

Since the masses are equal, v 2 j = -Vij. Since the 
speeds Vi ^ = v 2 ,i and Vij = v 2 j, the kinetic energy 
equation simplifies to: 

Vl,i = V2,i = Vi J = V2J 

So we are left only with determining the final di¬ 
rections of motion. 
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Let's try looking at this question from a different 
reference frame, that of Ball 1. In its own refer¬ 
ence frame, Ball 1 is never moving. But initially 
Ball 2 will appear to be moving at 3 m/s to the 
left because the two balls are moving toward each 
other at 1.5 m/s in the earth's reference frame. Af¬ 
ter the collision, again Ball 1 is not moving in its 
own reference frame, but Ball 2 now appears to be 
moving to the right at 3 m/s because the two balls 
are moving away from each other at 1.5 m/s in the 
earth's reference frame. 

This is exactly the same as the physical scenario 
in Section |3.4| In the reference frame of Ball 1, 
initially Ball 2 would be moving to the left, toward 
Ball 1, at 3 m/s. And after the collision Ball 2 is 
moving to the right at 3 m/s in the reference frame 
of Ball 1, which is now the same as the reference 
frame of the earth since Ball 1 is no longer moving 
in the earth's reference frame. 

So these two sections have presented exactly the 
same physical scenario, seen from two different ref¬ 
erence frames. But the scenario in this section was 
easier to understand conceptually and mathemat¬ 
ically. It would be nice if we could always find a 
reference frame for collision problems that would 
make it easier. 

And in fact, there is such a reference frame for any 
collision. It is called the “Center of Mass” reference 
frame. 


Before Collision 

0 m/s 


. 1.5 m/s 


After Collision 

0 m/s 

[am Am —-— 

.5 m/s 


COM 


■> 


3.4 


in 


Figure 3.24: The collision from Section 
earth's reference frame, with an added “COM"[l] 




Figure 3.25: The same collision in the COM refer¬ 
ence framejl] 


There is a reference frame that changes the colli¬ 
sion from Section 13.41 into the collision from this 
section, which makes it easier to solve. 

The diagrams to the left show the collision from 
Section 3.4 in a “COM" (Center of Mass) refer¬ 
ence frame that is moving to the right at 1.5 m/s. 
Compare the diagrams in Figure |3~25| for the colli¬ 
sion from Section [3~4| to the sketch in Figure [3~23| 
for the physical scenario in this section. They are 
identical! 
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3.6 Center of Mass 


Words 

For some situations, it is easy to find the center of 
mass-it’s just in the center! 

This is the case for something like a bocci ball, 
which is a uniform, solid sphere. It is also the case 
for something like a tennis ball, which is a uniform, 
hollow sphere. Even though there is nothing actu¬ 
ally at the center of the ball, that point is still the 
center of mass. 

And even for something with a more unusual shape, 
like a dumbbell, as long as the object is symmetri¬ 
cal, the center of mass will be at its center. 


Graphics 



Figure 3.26: A tennis ball (top left), bocci ball (top 
right), and dumbbell!!] 


Numbers 

The center of mass of an object or system of objects 
is a position, so it is a vector quantity. 


__ TO 1 ■ X\ + TO2 ■ X2+ 

Xcom ~ 

TOi + TO2 H- 


...where miand x\ refer to the mass and position 
of object 1, TO 2 and X 2 are for object 2, and every 
object in the system is included in the sums. 

The easiest way to use this equation is to break the 
system up into pieces that have an obvious center 
of mass, and use those as objects 1, 2, etc. 


For objects with asymmetrical shapes or for a sys¬ 
tem of different objects, the center of mass is some¬ 
where in the middle, shifted toward the side with 
more mass. In the photo of the tennis ball, bocce 
ball, and dumbbell, the tennis ball has a much 
smaller mass than the other two, so the center of 
mass of this group of three objects is somewhere 
inbetween the dumbbell and the bocci ball. Where 
exactly that center of mass is located depends upon 
the relative masses of the objects. 



On the left is a stack of four books. The center of 
mass of each individual book is at the center of the 
book. If we know the mass and position of each 
book we can find the center of mass of the stack: 


Book 

Mass 

Position 

1 

0.202 

kg 

10.7 

cm 

2 

0.242 

kg 

12.2 

cm 

3 

0.302 

kg 

13.9 

cm 

4 

0.324 

kg 

16.2 

cm 


On the right is a stack of books with varying widths 
and masses. The center of mass of the whole 
stack of books would be somewhere near the middle 
of the stack, where the ruler shows approximately 
13.6 cm. 


Figure 3.27: A stack of books of varying widths 
and massesQ] 


Combining this data using Equation 3.5 gives: 
14.6 kg • cm 


1.07 kg 


= 13.6 cm 
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Center of mass is a useful concept in several differ¬ 
ent situations, for example when trying to make a 
stable structure or when an object is rotating. It is 
also useful when looking at collisions. 

When two objects collide, they generally exert very 
large forces on each other, so any external forces 
can be neglected during the collision. Since the 
external forces are negligible, the momentum of the 
system of objects involved in the collision does not 
change. And since the mass isn't changing, this 
means that the collective velocity of the system of 
objects does not change in a collision. 

So if we know the initial velocity of the center of 
mass of the system of objects, that will be the same 
as the final velocity of the center of mass of the 
system of objects. 


Before Collision 

0 m/s 

# 3m/s ^ 

-^ 


COM 


1.5 m/s 


The velocity of the center of mass of an object or 
system of objects is calculated in the same way that 
the position of the center of mass is calculated: 


Vcom 


m 1 ■ Vi + TO 2 ■ V 2 H— 


TOl + TO 2 H- 


(3-6) 


...where v\ is the the velocity of object 1, w 2 is the 
velocity of object 2, and every object in the system 
is included in the sums. 


Figure 3.28: Before the collision from Section 3.4 
in earth’s reference frame, with the velocity of the 
Center of Mass "COM" reference frame included|TJ 


It is now possible to see why the velocity of the 
“COM" reference frame in Section [3~4| was +1.5m/sx 
when it was revisited in Section 13.51 

-„ _ TOi • vQ + to 2 • V^i 

Vcom ~ 

nn i + 7712 


'Ocom 


(0.7 kg) • (+3 m/s x) + (0.7 kg) • 0 
0.7 kg+ 0.7 kg 


Vcom = +1-5 m/si 
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3.7 Unequal Masses 


Words 

In some countries, rubber bullets can be used by 
government forces in riot situations, or even by 
civilians in self-defense. For this physical scenario, 
consider a 30 gram rubber bullet initially moving 
at 100 m/s and then colliding elastically with a 
motionless 60 kg person and bouncing back in the 
direction from which it came. The total time that 
the bullet is in contact with the person is 0.001 s. 

What can you say about: Final velocities? Kinetic 
energy? Force? Momentum? 


Graphics 



Figure 3.29: A rubber bullet[12] 


Numbers 


Knowns 

Unknowns 

mb = 0.03 kg 

VbJ 

m p = 60 kg 

VpJ 

Vb^i = +100 m/si 

E k 's 

€1 

n 

o 

F's 

Ek,i - Ekj 

~P' s 

f=0.001 s 



We also know that Vbj is in the -i direction 


Something about kinetic energy is given to us in the 
statement of the question. The collision is elastic, 
which means that kinetic energy is conserved. The 
total kinetic energy before the collision has to be 
equal to the total kinetic energy after the collision. 
Since the person is not moving before the collision, 
the person’s initial kinetic energy is zero. If the per¬ 
son is moving after the collision, that means that 
there would be less kinetic energy for the bullet, 
so the bullet would have to be moving at a slower 
speed after the collision than it had before the col¬ 
lision. 


O.OZkft 


60 k* 

<D 



\/ b r l° 0 "/ s 




Since this is a collision, we will first change to the 
center of mass frame. From Equation |3.6|.. 


^com 


(0.03 kg) • (+100 m/s i) + (60 kg) • 0 
0.03 kg+ 60 kg 


v C om = +0.05 m/s x 


According to Equation |3.1| to change to the center 
of mass reference frame, we have to subtract v corn 
from all velocities in the earth’s reference frame 
that we were using before: 


We can also say something about momentum. It is 
always conserved in any collision, so if the bullet's 
momentum changes then the person's momentum 
also has to change. In this case we know that the 
bullet’s momentum changes because it is initially 
moving to the right (as drawn in the sketch) and 


Figure 3.30: Sketch of the rubber bullet and per¬ 
son before the collision, in the earth's reference 
frame[I] 


Vb t i = +100 m/si - 0.05 m/si = +99.95 m/si 
u^i = 0-0.05 m/si = -0.05 m/si 

Note that in the center of mass frame, mb • = 

-TUp-n^i the total momentum is zero! That will 
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ends up moving to the left. So it had a change 
in momentum in the "left” direction. That means 
the person must have a change in momentum in 
the “right” direction. 

So the final velocity of the bullet is to the left and 
the final velocity of the person is to the right. 

And now that we have confirmed that the person 
has a final momentum to the right, we know that 
the person must have kinetic energy after the colli¬ 
sion, so the final speed of the bullet is slower than 
its initial speed. 

As for the force, we know that there was a force 
between the bullet and the person, because they 
both changed momentum in the collision, and force 
is what causes a change in momentum over time. 
In this case, the time of the collision is very small, 
so the force during the collision must be very large. 
The bullet created a force to the right on the per¬ 
son, and since forces come in equal-but-opposite 
pairs, we know that the person also created the 
same amount offeree on the bullet, but to the left. 



Figure 3.31: Sketch of the rubber bullet and person 
after the collision, in the earth's reference framejl] 



-1-0.5 0 0.5 1 1.5 2 


Time [ms] 

Figure 3.32: Momentum of the bullet before, dur¬ 
ing, and after the collision. Note that the time axis 
is in milliseconds.p] 


always be true, for both initial and final momenta. 
This greatly simplifies the math. 


We also know that kinetic energy is conserved, and 
there is only one way to conserve kinetic energy 
while keeping the total momentum zero before and 
after the collision: both objects simply reverse di¬ 
rection in the center of mass frame: Wbj = -v b A 
and v^j = -u^i. 


We then change back to the earth reference frame 
by adding the center of mass velocity to each of 
these other velocities (which is equivalent to using 
Equations 3.1 & 


v{j = -99.95 m/s £ + 0.05 m/s x = -99.9 m/si 


p ,/ = +0.05 m/s x + 0.05 m/s x = +0.1 m/s x 


The change in momentum of the person is... 


p p j -p Py i = 60kg- 0.1 m/sx- 0= +6kg- m/si 


Because momentum conserved, the change in mo¬ 
mentum of the bullet is -6kg- m/sx. 

Using Equation |1.7[ the average force on the person 
during the collision is 


F b -> P = 


A p 
At 


+6 kg • m/s 
0.001s 


+6000 N x 


Fp-tb * 0 


And using Equation 


3.3 


F p ^b = -6000 N x. 


Figure 3.33: FBD of the bullet during the collision. 
Note that the FBD includes only the force on the 
bullet, not the force caused by the bullet. [T] 
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3.8 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 


• Physical situations can be analyzed from different reference frames. 

• The laws of physics are true in any inertial (not accelerating) reference frame. 

• It is often useful to look at collisions in the center of mass reference frame. 

• It is often useful to consider the physics of a system of objects, not just the physics related to a single 
object. 

Forces 


• For every force, there is an equal and opposite force on another object. 

• A free body diagram of an object includes only forces acting on the object, never forces caused by 
the object. 


Motion 


• Objects, even stationary objects, change velocity when we change to a different reference frame. 

• The velocity of the center of mass of a system of objects does not change during a collision between 
the objects in the system. 

• In the center of mass reference frame, an elastic collision between two objects causes the objects to 
reverse direction but keep the same speeds 

Momentum 

• Change in momentum is often called "impulse." 

• The total momentum of a system in its center of mass reference frame is always zero. 

Energy 


• Elastic collisions are collisions in which kinetic energy is conserved. 


Mathematical Models 


equation 


^2<-3 = ^2*-l ~ W3<-1 


Vi^2 = -W2<-1 


^ 1—2 = “- P 2->1 


Ptot,i Ptot,f 


•Ecom 


m\-xi+m2 m X2+-" 

mi+rri2+-" 


'Vcom 


mi-Vi+m2-V2 + ‘" 

mi+m2+-- 


restrictions on the validity of the equation 


(31 

(3.2 

(3.3 

(34 

(3.5 

(3.6 


only 


-none- 


-none- 


-none- 


valid when there is no external net force 


-none- 


-none- 






























3.9 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], See the appendices for conversion factors. 


Level 1 - Remember 

3.1 [W] What does “impulse" mean in physics? 

3.2 [W] What is the name of the reference frame in which the total momentum of a system of objects is 
always zero? 

3.3 [W & N] Add labels to each equation in the "Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. 


Level 2 - Understand 

3.4 [W] Which of the following describe inertial reference frames where the normal laws of physics are 
valid? 

(a) A typical physics classroom 

(b) A physics classroom during a violent earthquake 

(c) The back of a truck that is traveling at constant speed on a long, straight road 

(d) The back of a truck that is traveling at constant speed on a long, straight, uphill road 

(e) The back of a truck that is accelerating away from a stoplight 

(f) A spaceship floating far off in space, away from any sources of gravity 

(g) A spaceship firing its rockets far off in space, away from any sources of gravity 


Level 3 - Apply 


3.5 [N] There are six "Unknowns” listed at the beginning of Section [3/l| but numerical values are only 
found for two of them. Find the rest of the numerical values. 


3.6 [G] Section [37l| includes illustrations in the reference frames of the earth, the black car, and the truck. 
Draw a similar illustration in the white car's reference frame. 


3.7 [G & N] Draw a free-body diagram for Hand 2 only from Section [3/2] Use this free body diagram to 


find Tj 


1 -. 2 - 


3.8 [G] Draw momentum bars representing the collision described in Section BT] in the earth's reference 
frame. Use them to show that momentum was conserved in the collision. 


3.9 [G] Draw momentum bars representing the collision described in Section |3T| in the center of mass 


reference frame. Use them to show that the total momentum of the system was zero before and after 
the collision. 


3.10 [G] Draw an energy bar graph representing the collision described in Section |3.7j in the center of 


mass reference frame. Use them to show that the total momentum of the system was zero before 
and after the collision. 









Level 4 - Analyze 


3.11 [G] Figure [3~33^ shows a free body diagram for the bullet during the collision. Draw a free body 
diagram for the person during the collision, including only the forces in the horizontal direction. 


Level 5 - Evaluate 


3.12 [W] In the situation given in Section [3T2| it is stated that the hands start motionless at the top. Now 
imagine what would happen if the forces applied by the arms stayed the same but the hands started 
with an initial velocity one direction or the other. 


(a) Would the initial velocity affect the acceleration? Explain why or why not. 

(b) Would the initial velocity affect the force applied by one hand to the other? Explain why or why 
not. 


3.13 [W] Two people are moving toward each other across an open field. One is running and the other 

is walking. Rank the following in terms of the amount of time needed for the two people to come 

together: 

(a) Considering this situation in the earth's reference frame 

(b) Considering this situation in the reference frame of the person who is running 

(c) Considering this situation in the reference frame of the person who is walking 

Ignore the effects of “special relativity,” if you know what that is!" 


Level 6 - Create 

3.14 [W, G, & N] At the beginning of Chapter[l]in Figure [rTj was a template for a concept map. Add 
the main ideas from this chapter to the concept map that you began for the question at the end of 
Chapter|T] 

3.15 [W, G, & N] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 
described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

3.16 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 






Chapter 4 


Thermal Energy and Friction 


In all of the collisions that we looked at in the last 
chapter, the objects bounced off of each other. 
This is a common characteristic of elastic colli¬ 
sions. But most collisions are not elastic. In a 
typical car crash, the cars don't bounce off of each 
other and they become deformed. These are com¬ 
mon characteristics of an inelastic collision. If the 
objects stick together after the collision, it is called 
a “completely inelastic” collision. 

An inelastic collision is one in which kinetic energy 
is not conserved. Some of the kinetic energy is 
transformed into thermal energy in the collision. 

Kinetic energy can also be transformed into ther¬ 
mal energy by frictional force when two objects 
slide against each other. 



Figure 4.1: In Chapter[3]we considered several different 
collisions, but all of them were elastic collisions. A car 
crash is an inelastic collision.(?] 








4.1 Railway Couplers 


Words 


Graphics 


Numbers 


When railway cars are assembled into a train, they 
are connected using railway couplers. This is an 
example of an inelastic collision, because the two 
train cars stick together after the collision that cou¬ 
ples them. 

Consider a 90,000 kg boxcar sitting motionless on a 
track in a railyard. A 500,000 kg locomotive backs 
into it at 0.2 m/s. The collision between the cars 
takes 0.08 seconds, after which they are locked to¬ 
gether. We should be able to describe their velocity 
after the collision, the change in kinetic energy dur¬ 
ing the collision, the amount of force they applied 
to each other during the collision, and the acceler¬ 
ation of the locomotive and the boxcar during the 
collision. 



Figure 4.2: Two train cars connected by railway 
couplers. [13] 


Knowns 

tTt boxcar — 90,000 kg 
1X1 locomotive ~ 500,000 kg 

Vi^boxcar ~ 0 

^locomotive ~ 0-2 xn/s X 

tcoll ision ~ 0.08 S 


Unknowns 


^boxcar -^locomotive 


Flocomotive-*boxc 


Vf 

A E k 

&boxcar 
&locomotive 


Since a direction is not given, it is easiest to set 
the problem up so that the initial velocity is in the 
positive direction. There is only one Vf because 
the train cars are stuck together after the collision. 


In any collision, you can’t go wrong by starting to 
think about it in terms of momentum. Initially the 
boxcar was not moving, so it had no momentum. 
The locomotive did have momentum. After the 
collision, the two train cars were stuck together, 
so they have the same velocity. Since momentum 
is conserved, there must be momentum after the 
collision. So after the collision both of the train 
cars have momentum in the same direction as the 
initial momentum. The locomotive transfers just 
enough of its momentum to the boxcar to bring 
them both to the same final velocity. 



Figure 4.3: Sketch of the train cars before 
coupling.[T| 


We can start by considering momentum in the cen¬ 
ter of mass reference frame, where the total mo¬ 
mentum is always zero. The velocity of the center 


of mass reference frame is given by Equation 3.6 


IXlboxcar * Vi^oxcar "t XHlocomotive * ^ 2 ,/ocomoiiue 
‘bllboxcar ~t ITllocomotive 


Vcom 


0 + 500,000 kg-(0.2 m/s) 
(90,000+ 500,000) kg 


x= 0.169 m/s x 


Since the total momentum in the center of mass 
frame is zero and the two objects are stuck to¬ 
gether, they must both have zero velocity in the 
center of mass rest frame. So Vf = v com 
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Kinetic energy depends upon the reference frame. 
If you stand at the side of a road and watch a bus 
go past, in your reference frame the bus has kinetic 
energy and you do not. But in the bus's reference 
frame you have kinetic energy and it does not. But 
other forms of energy do not depend upon the ref¬ 
erence frame. So we are free to consider transfor¬ 
mations involving thermal and potential energy in 
any reference frame that makes it easy to under¬ 
stand what is happening. 

For this collision, we can use the center of mass 
reference frame. In this reference frame, both train 
cars are initially moving, but after they smash into 
each other they both have zero velocity. So ini¬ 
tially they had kinetic energy, but then they lost it. 
Energy is always conserved, so where did it go? It 
was converted to thermal energy as the couplings 
moved, rubbed together, and latched into place. 
Any inelastic collision results in the conversion of 
some kinetic energy into thermal energy. 

Because of conservation of momentum, the less 
massive boxcar has a larger change in velocity than 
the more massive locomotive. And since this change 
in velocity occurs in the same amount of time, we 
also know that the acceleration of the boxcar is 
larger than the acceleration of the locomotive dur¬ 
ing the collision. 

The force that the boxcar exerts on the locomotive 
would have the same magnitude as the force that 
the locomotive exerts on the boxcar, but these two 
forces would be in opposite directions. 



Before After 


Figure 4.4: Energy bar graph for the collision in 
the center of mass reference frame. Initial thermal 
energy is taken to be zero. Gravitational energy 
is zero because both train cars are on the ground 
before and after the collision. [lj 

Note that the total heights of the columns on the 
left is equal to the total heights of the columns on 
the right. 

-0.08 -0.04 0 0.04 0.08 0.12 0.16 

0^0—O^O-O-O-O 

<0 0.08 0.12 0.16 

a>o-*o-*o 

0.04 

Figure 4.5: Motion map of the locomotive (top) 
and the boxcar (bottom). The labels are in sec¬ 
onds, and the collision is from 0 to 0.08 s.[TJ 

Note that the change in the length of the arrows is 
much larger for the boxcar than for the locomotive. 


Since we started in the center of mass reference 
frame, let’s consider energy in this frame as well. 
We will need to transform the initial velocities into 
the center of mass reference frame using Equa¬ 
tion 13.11 


^ i,boxcar*-com ~ Vi,boxcar*-earth Xcom*-earth 

^ 2 , boxcar*-com — 0 ~ 0.169 m/s X 

.. . and similarly... 

Xi 7 locomotive<-com = (0.2 — 0.169) m/s x = 0.031 m/s X 

Now we can find the change in kinetic energy in 
the center of mass reference frame. 

— ^,/,com — ^k,i,com 

A E ktCom = 0 - (1285 J + 480 J) 

A E k:Com = -1525 J 

Conservation of energy tells us that this energy 
doesn't just disappear. It has to go somewhere. 

In this case, it changes to thermal energy. 

A E th = - A E k = 1525 J 

If we assume that the force is constant during the 
collision, then the acceleration would be... 



Whether the calculation is done in the center of 
mass reference frame or the earth’s reference frame, 
the result is the same: ab oxcar - +2.11 m/s 2 x and 
^locomotive “ “0.388 m/s X 
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4.2 Curling 


Words 


Graphics 


Numbers 


The conversion of kinetic energy to thermal energy 
is not limited to collisions. It happens any time 
that two surfaces rub together. Take, for example, 
the Olympic sport of curling. One person pushes a 
heavy “stone” on a sheet of ice and then releases 
it, and the rest of the curling team sweeps the area 
in front of the stone as it slides, trying to control 
the friction to get the stone to stop in a target area. 

When it leaves the curler’s hand, the stone has mo¬ 
mentum and kinetic energy, but the force of friction 
opposes the momentum, doing negative work on 
the stone and slowing it until it eventually comes 
to rest. After the stone has stopped moving, all 
of the kinetic energy is gone, changed into thermal 
energy. 



Figure 4.6: Top: A curler preparing to push a stone. 
Bottom: Stones in the target area. El 


Many of our equations are only valid if the force 
is constant. Sometimes, like for this situation, the 
assumption is valid; other times, like in a collision, 
it is not. Even when the force is not constant, 
versions of these equations are useful for finding 
average values. Most notably: 


F - ‘ -^1 

r net,avg ~ 


(4.1) 


and 


(4.2) 


.. .where F ne t^ avg and a avg are the average values 
over time. One of our other equations is true for 
the average force over a distance: 


_x Av 

dovg 


Wnet —F n et,avg ' Ax — F ne t aV g • Ax • COs($) 

(4.3) 


Let's consider an 18 kg curling stone that was ini¬ 
tially released with a momentum of 60 kg-m/s, 
and stops after traveling 45 m across the ice. We 
should be able to describe the velocity of the stone, 
the force of friction on the stone, the energy con¬ 
versions that take place as it slides across the ice, 
and the amount of time that the stone is in motion 
after it has been released. 



Figure 4.7: A sketch of the curling stone before 
and after sliding across the ice. [1] 


Knowns 


Unknowns 


m = 18 kg 
Pi = 60 kg • m/s x 
P£j 0 
Ax = 45 m x 


v 

Ff 

Energy transformations 
At 
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Since specific directions aren't given, we can choose 
a direction that is easy to draw or easy to think 
about. Since “to the right” is conventionally taken 
to be the positive direction, for simplicity Figu re [4~7] 
is set up so that the initial momentum is to the 
right. Given that, we know that the initial velocity 
is also to the right, or positive. And since the stone 
stops at the end, its final velocity is zero. 

The force of friction always opposes the relative 
motion of two objects, so the force on the stone is 
to the left, or negative. 



Time [s] 


The amount of time that the stone spends sliding 
across the ice depends on the force of friction and 
the initial momentum. The larger the force, the less 
time it will take to stop; and the larger the initial 
momentum, the more time it will take to stop. 

Note that the question doesn't ask about just the 
initial or final velocity. It says we should be able 
to describe the velocity. So what about during the 
time during which it is sliding? The velocity will 
always be to the right, but dropping continuously 
while the stone slides across the ice, as is shown in 
Figu re [4~9| We could speak of an average velocity 
of the stone during this time, which would be to 
the right, and if the force is constant, the average 
velocity would be half of the initial velocity. 


Figure 4.8: Momentum is decreasing over time, 
indicating a negative net force.U| 


E 


+-J 

‘u 

_o 

CD 

> 



Time [s] 


Figure 4.9: Velocity is decreasing over time, indi¬ 
cating a negative acceleration.[lj 


It is relatively easy to find the initial velocity, and 
from it the initial kinetic energy: 


Pi -m ■ Vi 
Pi 60kg-m/s 


18 kg 


= 3.33 m/si 


E k>i =-to • u? = -(18 kg)(3.33 m/s) = 100 J 


All of the initial kinetic energy is converted to ther¬ 
mal energy, so A Ek = -100 J and A E t h = 100 J. 
Now we can use Equations |2.3| and |4.3| to find the 
average force of friction. 


A Ek = W net =Ff ■ Ax ■ cos(180°) 


Ff = 


A E k -100 J 


= 2.22 N 


-Ax -45 m 

180° was used as the angle because we assume that 
the force is opposite the direction of the displace¬ 
ment. Since we got a positive value for the force, 
we know that our assumption was correct. If the 
number turned out to be negative then we would 
know that our assumption was not correct. The ve¬ 
locity varies continuously over the time the stone 
is moving. We have already found the initial and 
final velocity. Another useful piece of information 
is the average velocity, which is given by... 


_>. Arc 

av9 = At 


(4.4) 


In situations where the net force (and therefore the 
acceleration) is constant, average velocity is also 
given by.. . 

( 4 - 


-, Vi+Vf 

Vavg = --- 
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4.3 Car crash, initial impact 


Words 


Graphics 


Numbers 


Let's consider the car crash in Figure [TT] We can 
imagine what happened. Perhaps the 2500 kg truck 
was stopped, and the 1500 kg car hit it from be¬ 
hind at 25 m/s. The truck would have been shoved 
forward by the car, and the two stuck together. 
The time in which the car and truck were smash¬ 
ing into each other would have been very short, 
let’s say 30 milliseconds. The drivers of both ve¬ 
hicles probably were applying the brakes, and the 
vehicles skidded together to a stop after traveling 
together for 4 m For now let's focus on what hap¬ 
pened during the early part of the crash when they 
were smashing into each other, before the vehicles 
skidded together. 

We should be able to find the average force that 
each vehicle applied to the other during the early 
part of the crash, the velocity of the car-truck wreck¬ 
age just after they had finished smashing into each 
other but before they started skidding together, 
and the kinetic energy of the vehicles just before 
and just after they smashed into each other. 


V"0 



Figure 4.10: Sketches of what could have happened 
in the crash. In this section we will consider only 
the top two sketches. [1| 


Knowns 

Unknowns 

tricar = 1500 kg 

Fear struck 

'Struck — 2500 kg 

Ftruck-*-car 

Vi, car = -25 m/si 

Vf 

truck — 0 

Fk,i 

tcollision ~ 0.03 S 

E k,f 


The place to start in any collision is momentum, 
and using the center of mass reference frame usu¬ 
ally simplifies the math. The velocity of the center 


of mass reference frame is given by Equation 3.6 


- Tricar ' ^2,car "t tTltruck ' Hi,truck 

zom = 

'Wear + Struck 

1500k g .(-25m/a) t 0 

(1500+ 2500) kg 1 


Before the car hit the truck, the truck was not 
moving but the car was; a short time after contact 
the car and the truck were connected together and 
moved as if they were a single object with the com¬ 
bined mass of both vehicles. Because of this, there 
is only one velocity after the collision, and it is the 
velocity of both the car and the truck. 


Car 

„ before 

Truck 

before 

Wreckage 

after 

1 n m h mprais 

2500 ke 


on rv, /o SHHHi 


4000 kg 

1500 kg 


Figure 4.11: Momentum bars just before and just 
after the collision. Area of the third bar has to be 
equal to sum of the areas of the first two bars. [I] 


Since the total momentum in the center of mass 
frame is zero and the two objects are stuck to¬ 
gether, they must both have zero velocity in the 
center of mass rest frame. So.. . 

Vf = Vcom = -9.375 m/si 

This is the velocity of the two vehicles after they 
have smashed together and before they start sliding 
together down the road. 
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In the crash, the car transferred some of its momen¬ 
tum to the truck, applying a force to the truck. So 
the truck applied an equal-but-opposite force to the 
car. Since momentum is conserved in an isolated 
system, the change in the truck’s momentum is the 
same as the change in the car's momentum, but in 
the opposite direction. 

This tells us something about the acceleration. 
They have the same change in momentum, but 
different masses. The more massive truck has a 
smaller change in velocity than the car, so the ac¬ 
celeration of the truck is less than the acceleration 
of the car. 


Fcar->truck 


Figure 4.12: Free body diagram (FBD) of the truck 
during the collision, horizontal direction only. The 
force of friction is small compared to the force 
caused by the collision, so it is being neglected. [T] 


We can use Equation 1.7 to find the force on the 
truck during the collision: 


F, 


car struck ~ ~ 


F 


car^truck 


^Ptruck THtruck * (^/ 'Vijruck') 

tcollision 

2500 kg • (-9.375 - 0) m/s x 


0.03 s 

Fcar^truck = ~7.8 X 10 5 N X 

From Equation |3.3| we know that 


Ftruck-*car ~ F car ^i ruck — +7.8 X 10 INI X 


For this collision, we can use the center of mass ref¬ 
erence frame. In this reference frame, both vehicles 
are initially moving, but after they smash into each 
other they both have zero velocity. So initially they 
had kinetic energy, but then they lost it. Energy is 
always conserved, so where did it go? It was con¬ 
verted to thermal energy as the car and truck were 
deforming. Remember, any inelastic collision re¬ 
sults in the conversion of some kinetic energy into 
thermal energy. 



Before After 


Figure 4.13: Energy bar graph for the collision. Ini¬ 
tial thermal energy is taken to be zero. Gravita¬ 
tional energy is zero because both vehicles are on 
the ground before and after the collision. (TJ 


We will consider kinetic energy in the earth’s ref¬ 
erence frame, since we already know all of the ve¬ 
locities in this frame. 

1 2 1 2 

Ek,i -—nkcar ' car + ~^ m truck ' v i,truck 

E k ,i =^(1500 kg) • (-25 m/s) 2 +0 = 4.7 x 10 5 J 

pi _ 1 2 

&k,f — ^ TTltotal ’ Vf 

E k j =^(4000 kg) • (-9.375 m/s) 2 = 1.76 x 10 5 J 

Energy is conserved whenever no work is being done 
by an external force. Gravity and springs do not 
play a role in this situation, so lost kinetic energy 
changes into thermal energy. 


Note that the total heights of the columns on the 
left is equal to the total heights of the columns on 
the right. 
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E k ,i + Eih,i — E k f + Eth,f 

Ek,i ~ Ek, f = E t hj - E t h,i 
A E th = (4.7 x 10 5 - 1.76 x 10 5 ) J = 2.94 J 


















































4.4 Car crash, sliding 


Words 

Now we consider the same collision as in the last 
section, but focus on what happened when the ve¬ 
hicles skidded together across the ground. During 
that time, the vehicles were braking and they skid¬ 
ded to a stop after traveling for 4 m. 

We should be able to describe the total braking 
force that was required, which is a frictional force 
that we will assume to be constant, acting between 
the tires and the road; the amount of time that they 
were skidding; and the energy transformations. 


Graphics 



Figure 4.14: Sketch of the car and truck skidding 
together after the initial impact. [1] 


Numbers 


Knowns 

Unknowns 

^wreckage = 4000 kg 


Vi = -9.375 m/s x 

tskidding 

4L 

II 

o 

AE t h 

Ax = -4mi 

A E k 


Note that the initial velocity for the skidding part 
of the collision is the final velocity of impact part 
of the collision. 


It is usually best to start any analysis with whatever 
part seems easiest. In this case, it is easiest to think 
about the energy involved. We know the vehicles 
are moving when they start to skid down the road, 
so they have kinetic energy. The road is flat, so 
we don't have to worry about any changes in grav¬ 
itational potential energy. And there are not any 
springs that are trying to stop them or make them 
go faster, so we also don’t need to worry about 
spring potential energy. So we started with only 
kinetic energy. And after the vehicles stop moving, 
they no longer have kinetic energy. So where did 
all of the energy go? The only option left is ther¬ 
mal since we have ruled out potential energies. All 
of the kinetic energy is transformed into thermal 
energy. 



Initial Final 


Figure 4.15: Energy bar graph for the vehicles skid¬ 
ding on the road. Initial thermal energy is taken to 
be zero. Gravitational energy is zero because both 
vehicles are on the ground before and after the col¬ 
lision. [1] 


We already know from the last section that E^, for 
the skidding portion of the collision is 1.76 x 10 5 J. 
And since Vf = 0, Ekj = 0. Using Equation 
and considering friction to be an internal change 
of energy and not work being done by an external 
force), 

W - 0 = Etotj - E to t,i 
Ek,i t" E t h,i — Efcf + Eth,f 
&-Ek = -A E t h 
A E th = 1.76 x 10 5 J 


2.1 
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As the tires skid across the ground, the frictional 
force does negative work on the vehicles, slowing 
them down. Whenever two surfaces slide against 
each other with friction, the friction fights the rela¬ 
tive motion of the two surfaces, converting kinetic 
energy into thermal energy. 

This only happens when the surfaces move rela¬ 
tive to each other. If a car is sitting on the side 
of a hill with the brakes locked, there is still fric¬ 
tion between the tires and the road, but there is 
no relative motion, so no work is being done and 
kinetic energy is not being transformed by friction 
into thermal energy. 


• 10 4 

- 1 - 


Area = Work 


-4 -3 -2 -1 0 

Position [m] 

Figure 4.16: A force opposite the direction of mo¬ 
tion does negative work equal to the area under the 
curve in a Force-vs-Position graph.[T] 



Now shifting to look at the change in energy as 
being done by the force of friction, Equation 2.1 
gives. 


W net = A E k = -1.76 X 10 5 J =F net ■ Ax 


Using only the “x" components since we are work¬ 
ing in one dimension, 


F n 


A Ek 
Ax 


-1.76 x 10 5 J 

-4 m 


= 4.4 x 10 4 


N 


The negative signs for change in energy and dis¬ 
placement cancel out, giving a force in the positive 
direction, opposite the direction of motion. Since 
friction is the only force in the horizontal direction, 

F n et,x — Ff • 


We can find the time needed to stop the vehicles by 
considering momentum. The car-truck wreckage 
has momentum after the initial impact, and then 
the force of friction reduces the momentum to zero 
over a certain amount of time. 

The larger the force of friction, the less time needed 
to reduce the momentum to zero. 

We could also consider the question of the force 
between the car and the truck during the time they 
were skidding. It would depend on how much of 
the frictional force is coming from the truck’s tires 
and how much from the car’s tires. If the car were 
not braking at all then there would be a large force 
applied on the car from the truck during the time 
they were skidding. If they were both braking then 
the force between them would be smaller. 


■ 10 4 



0 0.2 0.4 0.6 0.8 


Time [s] 

Figure 4.17: Momentum starts with a large nega¬ 
tive value, and goes to zero over time because of 
the force of friction.[T] 


We can use Newton’s Second Law, Equation |1.7[ 
to find the time needed to stop. 


Fn P t — . — 


A p _ p f - Pi 


t 


skidding 


tskidding 

Wlwreckage * ^f,x ~ Wlwreckage * ^ i,x 


F 


f 


t 


skidding 


4000 kg • 0 - 4000 kg • (-9.375 m/s) 
4.4 x 10 4 N 


tskidding ~ 0.85s 
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4.5 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 


• When you make an assumption about the direction of a vector quantity and then you calculate a 
positive magnitude, your assumption about direction was correct. 

• When you make an assumption about the direction of a vector quantity and then you calculate a 
negative magnitude, your assumption about direction was not correct. 


Forces 


• During a collision, the forces caused by the collision are usually so much larger than any other forces 
that all other forces can be neglected. 

• During a collision, forces change rapidly, so usually average forces during a collision are calculated. 

• The force of friction opposes the relative motion of two objects. 

• The force of friction converts kinetic energy into thermal energy when two surfaces slide against each 
other. 


Motion 


• In a collision between two objects with different masses, the more massive object experiences less 
acceleration than the less massive object. 

Momentum 

• Considering momentum is a good way to begin any investigation of a collision. 

Energy 

• An inelastic collision is one in which kinetic energy is not conserved. 

• Completely inelastic collisions are collisions in which the two objects together after the collision. 

• Kinetic energy depends upon your reference frame. 

• Energy transformations involving potential energy or thermal energy do not depend upon your refer¬ 
ence frame. 

• In an inelastic collision, some kinetic energy is transformed into thermal energy. 

• If the force is opposite the direction of motion in a force-vs-distance graph, the area "under” the 
curve represents negative work. In this case either the distance or the force is shown as a negative 
number on the graph. 


Mathematical Models 


equation 

restrictions on the validity of the equation 

T? — 1 

r net,avg ~ \ 

4.1 


-none- 

a avg =%: ( 

4.2 


-none- 

Wnet = F' ne t,avg * = F' ne t, aV g * * COs($) ( 

4.3 


-none- 

v —" =— ( 

u avg /± t \ 

4.4 


-none- 

7J-- _ ^+*7 ( 

u avg 2 \ 

4.5 


only valid when the net force is constant 



















4.6 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], See the appendices for conversion factors. 


Level 1 - Remember 

4.1 [W] What type of energy conversion always happens during an inelastic collision? 

4.2 [W] Differentiate between what is meant by elastic, inelastic, and completely inelastic collisions. 

4.3 [W & N] Add labels to each equation in the “Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. 


Level 2 - Understand 


4.4 


[N] Confirm that Equation |4.4| and Equation |4.5| give the same result for the physical scenario described 
in Section 14.2] 


4.5 [W & N] In Section |43]we found the horizontal force on the car and the truck during the impact. 


(a) Is the magnitude of the force the same for both the car and the truck? Explain why or why not. 

(b) Find the accelerations of the car and the truck during the impact. 

(c) Is the magnitude of the acceleration the same for both the car and the truck? Explain why or 
why not. 


4.6 [W] Explain why the initial velocity for the physical scenario that is considered in Section [4~4| is the 
same as the final velocity for the physical scenario that is considered in Section [43] 


4.7 [W & N] F ind the acceleration of the car and the truck from Section [4~4] d uring the skidding. Is the 
acceleration of the car the same as the acceleration of the truck? Why or why not? 


Level 3 - Apply 


4.8 [N] In Section pL2| one of the unknowns was time, but it was never explicitly found, though it can be 
seen in some of the graphs. Exactly how much time does the stone spend sliding across the ice? 


4.9 [G] Section |43] includes a free body diagram for the truck during the collision, but ignoring the force 
of friction. 


(a) Re-draw that free body diagram for the forces on the truck in the horizontal direction only, 
including the force of friction. Assume that the driver of the truck was applying the brakes 
during the time of the impact. 

(b) Does including the force of friction result in a larger or smaller net force on the truck in the 
horizontal direction? 

(c) Draw another free body diagram for the forces on the car in the horizontal direction only, 
including the force of friction. Assume that the driver of the car was applying the brakes during 
the time of the impact. 

(d) Does including the force of friction result in a larger or smaller net force on the car in the 
horizontal direction? 






Level 4 - Analyze 


4.10 [W & N] In Section 4.2 it is mentioned that some of the team members use brooms to change the 
force of friction as the stone slides across the ice. If they were able to reduce the force of friction 
by 10%, what affect would that have on the displacement and the time? Would they increase or 
decrease? Would they also change by 10%, or more, or less? Explain your answers. 


4.11 [W & G] Section 4.3 includes a figure showing momentum bars of the car, truck, and wreckage just 


before and just after impact in the earth’s reference frame. 


(a) Verify that the area of the third momentum bar in the figure is equal to the total area of the 
first two momentum bars. 

(b) Re-draw the momentum bars for this collision in the center of mass reference frame. 

(c) Is the area of the momentum bar of the wreckage in the center of mass reference frame equal to 
the total area of the momentum bars for the car and the truck just before the collision? Explain 
why or why not. 

(d) Did the choice of reference frame affect conservation of momentum? 


4.12 [N] In Section [413] energy conservation was calculated in the earth's reference frame and an assertion 
was made that energy transformations do not depend on the reference frame. 


(a) Transform the initial and final velocities of the car and the truck into the center of mass reference 
frame. 


(b) Find the initial and final kinetic energy of this system. Compare with the initial and final kinetic 
energies in Section 4.3 Are they the same as the values found in the earth's reference frame? 


(c) Use conservation of energy to find the amount of thermal energy released in this collision when 
viewed in the center of mass reference frame. Is it the same as the amount of thermal energy 
released in the earth’s reference frame? 


(d) Did the choice of reference frame affect the amount of energy that was transformed into thermal 
energy in this physical scenario? 


Level 5 - Evaluate 


4.13 [N] An assertion is made in this chapter that during a collision the forces caused by the impact are 
usually so much larger than any other forces that all other forces can be neglected. Compare the force 


of the impact in Section 4_3 to the force of friction in Section 44 for the same collision. How many 
times larger is the force of impact than the force of friction with the road? Probably both cars were 
braking even during the impact, so Does ignoring the force of friction cause a significant (which we 
will define for this question as larger than 10%) error in the calculation of the force in the impact? 


4.14 [W] We have considered the collision in Sections |4.3| and |4.4| from the earth's reference frame and 
also from the center of mass reference frame. Would we have gotten valid results if we had done the 
same analysis in the car’s reference frame? Why or why not? 


4.15 [W, G, & N] At the end of Section 4.4 it is noted that the force between the car and the truck 


during the time that they are skidding depends on the relative amount of frictional force applied by 
the tires of each vehicle. 


(a) Find the amount of force applied by the truck on the car if the car is not braking at all and all 
4.4 x 10 4 N of frictional force comes from the truck’s tires. 

(b) Find the amount of frictional force that would need to be applied by the car's tires and by the 
truck’s tires so that their total frictional force would still be 4.4 x 10 4 N and there would be no 
net force applied by the truck on the car. 











Level 6 - Create 


4.16 [W, G, & N] At the beginning of Chapter[l]in Figure [rTj was a template for a concept map. Add 
the main ideas from this chapter to the concept map that you began for the question at the end of 
Chapter[l] 

4.17 [W, G, & N] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 
described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

4.18 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 


co 
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Chapter 5 


Working in 


Two Dimensions 


So far, we have only considered objects and forces 
in one dimension, either horizontally or vertically. 
But our universe is not one-dimensional. Usually 
we think of it as being three-dimensional, and that 
is correct. We live in three spatial dimensions. It’s 
also possible to consider time as another "dimen¬ 
sion,” and in some theoretical models of physics 
called "string theories" there have been attempts 
made to describe the universe as being 10-, 11-, or 
even 26-dimensional! For now, let’s just work on 
expanding our understanding from one dimension 
to two. 

At first we will consider a plane that is lying flat on 
the ground, so North and South, East and West; 
or left and right, forward and backward. Then we 
will consider vertical planes, so up and down, left 
and right. Finally, we will consider planes that are 
tilted. In all cases, it is important to remember is 
that for our analyses, the two dimensions have to 
be at right angles to each other. That allows us to 
consider each direction separately from the other. 


N 



S 


Figure 5.1: A compass rose, showing the traditional 
direction of North as "up.” [15] 


For example, if your aunt’s home is West of yours, 

you have to get there by traveling WeslQnd not North or South. In fact, if you do go North, you will then 
have to undo that motion by going South. North and South have to be considered as completely separate 
from East and West. 


1 You could also get there by going really far East, since the earth is spherical—but we will imagine everything as being flat 
for now. Curved space gets complicated. 



5.1 Boating in a River 


Words 


Graphics 


Numbers 


If you are in a boat on a still body of water, and 
you start rowing South, you will go South. If you 
row East, you will go East. And whatever speed 
you achieve in the water, that is the speed that 
somebody standing on a dock would say that you 
are moving. But, things change if you are in a 
moving river. 

If you are in a river that is slowly flowing East, 
and you point your boat south and start rowing, 
you will indeed go South. Compared to the water 
surrounding you, you will be going directly South. 
But to somebody who is standing on a dock, they 
would say that you are going both South and East, 
because as you row South the current carries you 
East. 

The actual direction that you move, as seen by 
someone on the dock, depends on how fast you 
are rowing relative to the speed of the water in the 
river. 



Knowns 

Vboat*- river 
driver*-dock 


Unknowns 


^ boat*-dock 


Equation |3.1| works here, though we have never 
tried to use it where one object is riding on another. 
Taking objects 1, 2, and 3 to be the river, the boat, 
and the dock, respectively... 


Vboat*-dock ~ Vboat-driver Vdock*-river 


We aren't given Vdock<-river , but we are gi ven 
-dock> and we know from Equation 3.2 


driver 

that. . 


Figure 5.2: The path taken by a boat in a river, as 
seen by someone on a dock, depends on both the 
velocity of the boat in the river and the velocity of 
the river. m 


V dock*-river ~ driver-*-dock 

. . . So.. . 

^ boat*-dock ~ ^boat-driver + ^river*-dock 


It is tempting to say that the first boat in Figure[5[ 
is moving South, which is correct, and the others 
are moving SouthEast, which is not correct. As 
shown in figure [5~T| SouthEast is a specific direc¬ 
tion, halfway between South and East. So unless 
we are sure that the boat is traveling in exactly that 
direction, we should say that it is traveling South 
and East. 


The path taken by the boat can be found graph¬ 
ically by adding the velocity vectors "tip to tail," 
that is, draw the first vector, then draw the second 
so that its tail starts at the tip of the previous one. 
Continue with any other vectors that need to be 
added together. The resultant vector starts at the 
tail of the first vector and ends at the tip of the 
last one. 


In order to add the velocity vectors numerically, you 
have to break up each vector into its component 
parts, in this case the East/West component (E 
subscript below) and the North/South component 
(N subscript). 

'Uboat*-dock,E ~ Vboat<-river,E "t Vriver*-dock,E 
V boat*-dock, N = Vboat *-river,N ' Vriver*-dock,N 
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Let's consider a situation where you can row the 
boat at a speed of 5 m/s, and the river is flowing 
at a uniform speed of 4 m/s to the East. 


This same technique will work with any type of vec¬ 
tors, for example forces, momentum, displacement, 
and acceleration. 


In this example, 


Vboat^-dock = -5 m/s N + 4 m/s E 


If you were to row directly East, along with the 
river, you would move along very quickly. Since 
you are rowing the same direction as the current, 
the speed of the river would add to your rowing 
speed, and someone on the dock would see you 
going past at 9 m/s. This is the highest possible 
total speed when combining 5 m/s and 4 m/s. 

If you were to row directly West, you would be 
fighting the river and moving very slowly. At 5 
m/s, you can row slightly faster than the flow of 
the river. So you would be able to go West but 
only at 1 m/s. This is the lowest possible speed 
when combining 5 m/s and 4 m/s. If the river 
were flowing faster than you could row, you would 
not be able to go West at all, but would slowly 
go down the river even when paddling upstream as 
quickly as you could. 

If you were to row directly South, you would go 
both South and East, and your speed would be 
somewhere between 1 m/s and 9 m/s. For this 
example, since you are rowing faster than the flow 
of the river, your direction would be somewhere 
between South and SouthEast. 



Figure 5.3: Adding a vector of 5 m/s South to a 
vector 4 m/s East gives a resultant vector at an 
angle between South and East. pp| 

If the velocity vectors are drawn to scale, the resul¬ 
tant vector can be measured with a ruler to get a 
good estimate of the speed of the boat as seen by 
the dock. A good estimate of the direction can be 
found by using a protractor. 

From the diagram in Figure [573| measurement with 
a ruler and protractor gives a speed of approxi¬ 
mately 6.5 m/s, at an angle approximately 40° East 
of South. 


The North/South direction has been assigned a 
negative value in the "North” direction. In other 
words, South! It is usually easier to define North 
as positive and East as positive when doing cal¬ 
culations, and then if the final answer is negative 
report it as a positive value in the South (or West) 
direction. 

This vector can also be described in terms of mag¬ 
nitude and direction. Since the North/South and 
East/West directions are at right angles to each 
other, the magnitude of the resultant vector has to 
be found using the Pythagorean theorem: 


A 2 = At + Ai 


(5.1) 


.. . where A is the magnitude of any vector A , A x 
is the x component of the vector, and A y is the y 
component of the vector. In our case, we are using 
East and North in place of a: and y. 

The magnitude of the velocity, in other words the 
speed, of the boat as seen from the dock would 
be... 


Vboat^dock = V( -5 ) 2 + 42 m / s = 6.4 m/s 
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5.2 Straight Across a River 


Words 

Let's consider attempting to cross a river directly 
in a boat. If there is any current flowing in the 
river, aiming your boat directly across the river will 
mean that you will reach the opposite bank at a 
point downstream. Is there a way to aim a boat in 
such a way that it goes directly across the river? 

Suppose we have a river that is 50 meters wide from 
North to South, and it is uniformly flowing East at 
4 m/s. If a boat is rowed at a speed of 5 m/s 
relative to the river, in what direction should it be 
pointed so that it crosses directly from the North 
bank of the river to the South bank, as seen from 
a dock? How much time would be needed to cross 
the river in this way? 


If we want to end up directly South from our start¬ 
ing point, then we need to make sure that our ve¬ 
locity as seen from a dock is directly South. We 
will be in the river, which is flowing East, so that 
means that the way we row our boat will have to 
exactly cancel out the Eastward flow of the river. 
That means our boat will have to be going 4 m/s 
West compared to the river, since the river is going 
4 m/s East. 


Graphics 


Numbers 


N 
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> ’ 


Figure 5.4: In order to go directly South across the 
river as seen from a dock, the boat will need to be 
pointed slightly upstream. |16] 

If we start by drawing the vector we know, 4 m/s 
East, we can rotate the 5 m/s until the resultant 
vector is vertical. 



Knowns 

^river*-dock ~ 4 Hl/s E 
Vboat*-river ~ 5 m/s 

Ax = -50 m N 


Unknowns 

@boat 

t 


The angle of any vector is related to its x and y 
components by sine, cosine, and tangent. 



(5.2) 


a ^ :r 
cos 9 = —— 

A 


Ay 

tan 9 = —— 
A x 


(5.3) 

(5.4) 


.. . where 9 is the angle opposite the y component 
and adjacent to the x component of A. 


4 m/s 



Figure 5.5: Finding the angle to make the resultant 
vector vertical.pp 



Figure 5.6: Components of a vector are related by 
"SOHCAHTOA.” 


m 
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The time needed to cross the river will be longer 
than if there were no current in the river, because 
some of the boat's velocity has to be used to fight 
the flow of the river. The faster the river is flowing, 
the longer it will take to cross. 


Using a protractor to measure between the 4 m/s 
vector and the 5 m/s vector, we find an angle of ap¬ 
proximately 35°, so the direction is approximately 
35° South of West. 

It is important to clearly specify the reference di¬ 
rection and which way the angle is measured from 
that direction, because compass bearings are mea¬ 
sured differently from angles in mathematics and 
physics. 



"SOHCAHTOA" is a mnemonic that many people 


Sine=Opposite/Hypotenuse, 
Cosine=Adjacent/Hypotenuse, 
Tangent=Opposite/Adjacent. 


use to remember Equations|5.2[ [573] and 5.4 


In this case, using x and y notation, Vb oa t+-river has 
a magnitude v = 5m/s and a horizontal component 
v x = -4m/s. So we can use Equation 5.3 solving 
for 9: 

' -4 m/s’' 


8 = arccos 


/ -4 m/s\ 
\ 5 m/s / 


= 143° 


The normal way to define angles is clockwise from 
the positive x axis, so 143° is in a direction North 
and West. Unfortunately, in many cases the inverse 
trigonometric functions like arccos do not give the 
correct angles on a calculator, because there are 
multiple possible correct answers mathematically. 
For that reason, it is usually best to start with a 
diagram like that in Figure [5~5| and use only positive 
values for each part. Finding the 0 in the upper 
right of that figure, 


Figure 5.7: Compass bearings start with zero 
at North and proceed clockwise. Angles 

in physics usually start at East and proceed 
counterclockwise. El 


The speed of the boat as seen from the dock can 
be found by measuring the vertical vector in Fig- 
It is approximately 3 m/s. This can 


5.5 


ure 

be used to determine the amount of time that is 
needed to cross the river. 


8 = arccos 



37° 


.so, 37° South of West. Using Equation 5.4 


we 


can find that the North/South component of the 
velocity is -3 m/s. Since velocity is constant in this 
problem, we can use Equation |4.4| to find the time 
needed to cross the river. 



Vavg 


-50 m N 

-- = 17s 

-3 m/s N 
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5.3 Kicking in a New Direction 


Words 

Since we have started considering two dimensions, 
we have only looked at motion, not forces, momen¬ 
tum, or energy. Now it’s time to branch out. 

A 0.45-kg soccer ball is initially moving at 20 m/s 
in a direction 30° West of North. A player kicks 
the ball so that it begins moving at 20 m/s in a 
direction 30° West of South. The time that the 
player's foot is in contact with the ball is 0.02 sec¬ 
onds. How can we describe the ball's acceleration, 
energy, momentum, and the force applied to it dur¬ 
ing the kick? 


In the description, the velocity appears to be con¬ 
stant before and after the kick, so the momentum 
also must be constant before and after the kick, 
and it also means that there is no acceleration be¬ 
fore and after the kick. 

What happens during the kick? 

The initial and final speeds are the same, but the 
direction changes, so the velocity changes during 
the kick. That means that there was an accelera¬ 
tion, since acceleration is a change in velocity over 
time. And the time involved, the time of the kick, 
is very short. That means the acceleration had to 
be very large to get a large change in velocity in a 
small amount of time. 


Graphics 



Figure 5.8: A soccer player kicking a ball. m 



Numbers 


Knowns 

Unknowns 

m = 0.45 kg 

a 

= 20 m/s @ 30° W of N 

E 

v} = 20 m/s @ 30° W of S 

~P 

At = 0.02 s 

Ffoot->ball 


We should start by breaking the velocities up into 
their component parts using Equations |5.2[|5.3l and 
~4j Since the directions are given in terms of 
North, South, East, and West, we can use that 
notation. 

vo ,jv = • cos 0 O - 17-3 m/s 

Vo = -vo ' sin 9q = -10 m/s 

i >/,jv = -vo ■ cos Of = -17.3 m/s 

Vf t E - -vo • sin(9 0 = -10 m/s 

Where did the minus signs come from, and why 
weren’t the angles converted to normal physics no¬ 
tation, with 0° pointing East? The sketch in Fig¬ 
ure [5~9] was used to determine positive and nega¬ 
tive signs, and to find appropriate triangles using 
the angles given in the question. This is a simpler 
approach than converting to normal physics nota¬ 
tion, and avoids the ambiguity in angles that comes 
from trusting the output of a calculator. 
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If the velocity changes, that means that the mo¬ 
mentum also changes during the kick, which means 
that a force must have been applied to the ball. 

We know that a force applied in the direction of an 
object's motion speeds it up, and a force applied 
opposite the direction of motion slows it down. In 
this case, a force acted that didn’t actually change 
the speed of the ball! So the force must have been 
in a direction other than the direction of motion. 

The ball was initially moving North and West, and 
after being kicked it was moving South and West. 
So we know that there was definitely a change in 
the North/South direction. There must have been 
an acceleration to the South, which means that 
there must have been a force applied to the South, 
and a change in momentum to the South. 


To find a change in momentum, the momentum 
vectors can be subtracted graphically. So far, we 
have only learned about adding vectors tip-to-tail. 
Subtracting a vector is the same as adding its oppo¬ 
site, and the opposite of a vector is another vector 
with the same magnitude and opposite direction. 



Figure 5.10: Finding the opposite of the initial mo¬ 
mentum. [I] 

Change in momentum is final momentum minus 
initial momentum, so.. . 


If we assume a constant net force during the kick, 

: ind the ; 

cie =——x - ;——= Dm/s 2 


we can use Equation 2.2 to find the acceleration: 

. v f,E ~ V 0e _ n _ i 2 


a N = 


At 

v f,N ~ VQ n 

At 


= -1730 m/s 2 


Combining these, we find a = -1730 m/s 2 N 


We can use Equation |1.3| to find initial and final 
momentum: 


Po,n =m ■ v 0iN = 7.79 kg • m/s 


Po,e =m • v 0 , E = -4.5 kg • m/s 
Pf,N =Tn ■ Vf t N- -7.79 kg • m/s 
Pf,E -m • Vf,E- -4.5 kg • m/s 


In order to determine whether a force was also ap¬ 
plied to the East or West, details about the velocity 
or momentum in that direction need to be known. 

If we assume that the ball stayed on the ground the 
whole time, we don't need to worry about gravita¬ 
tional energy. Kinetic energy depends only on the 
speed of the ball, and since the initial and final ve¬ 
locities are the same, the kinetic energy is the same 
before and after the collision. 



Figure 5.11: Finding the change in the momentum 
of the soccer ball.[T] 

The change in momentum of the ball is due South. 
This means that the acceleration and the force ap¬ 
plied to the ball are also due South. 


Subtracting initial from final momentum gives 
us the impulse caused during the kick: A p - 
-15.6 kg • m/s N. 

Then Equation [IT] can be used to find the force on 
the ball during the kick: 

Fnet,foot-*ball “779 N N 

Since the speed is the same before and after the 
kick, we know that the kinetic energy is also the 
same before and after the kick. We can find kinetic 
energy using Equation |1.6| 

Ekj = E k>0 =^m-v o = ^ (0.45kg)-(20 m/s) 2 = 90 J 


Using the velocity vector components instead of the 
speed gives the same result. 
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5.4 Checking In Ice Hockey 


Words 

Ice hockey players commonly run into each other 
on the ice, often intentionally. During any collision, 
external forces can generally be neglected because 
the force of the colliding bodies against each other 
is so much larger than any other forces that are 
acting on them. 

If a 90-kg hockey player is moving South across 
the ice at 5 m/s and is struck by an 80-kg hockey 
player who is moving NorthEast at 6 m/s, what can 
we say about the collision and the two players after 
the collision? Assume that the collision is perfectly 
inelastic, so the two become entangled together, 
not bouncing off of each other. 


Figure 5.12: Ice hockey players. m 


Knowns Unknowns 

mi = 90 kg ??? 

Vi t i = -5 m/s N 
m 2 = 80 kg 

v^i = 6 m/s @ 45° N of E 

The 45° angle is given, since the direction is listed 
as NorthEast, which is half-way between North and 
East. V‘ 2 ,i can be broken into its component parts 
using Equations | 5 . 2 | & [ 5 ~ 3 | 

v^i - 4.24 m/s N + 4.24 m/s E 



Graphics 


Numbers 


Since this is a collision, we should begin by thinking 
about momentum. We know that momentum is 
conserved in any collision, whether it is elastic or 
inelastic. 

Since the 90-kg hockey player was moving South, 
that player's initial momentum is to the South. 
The 80-kg hockey player was moving NorthEast, 
so that player's momentum was partially North and 
partially East. 

After the two collide and become entangled, their 
total momentum has to be the same as their initial 
momentum, just as in the one-dimensional prob¬ 
lems we have considered previously. But this time 
we have to think about both directions. 


+5 m/s 
ve — 0 
-5 m/s 


Player 1 
before 
(90 kg) 


Player 2 
before 
(80 kg) 


Both 
after 
(170 kg) 


+5 m/s 
VN = 0 
-5 m/s 



Figure 5.13: Two sets of momentum bars: One 
for the East/West direction and one for the 
North/South direction, in the earth’s reference 
frame. [I] 


Since it is often easier to consider collisions in the 
center of mass reference frame, where the total mo¬ 
mentum of the system is zero, we can begin by find¬ 
ing the velocity of the center of mass using Equa¬ 
tion |T6]Taking each component separately,... 


Ucom,N 


nil -Vl,i,N +1^12^2,1,1 

mi + m2 


-0.65 m/s 


Vcom,E 


mi ■ vi,j,E + m 2 ■ V 2 ,i,E 
mi + m 2 


2.00 m/s 


Since the two are stuck together after the collision, 
these vector components represent the velocity of 
the two hockey players after the collision. We can 
convert this into speed and direction using Equa¬ 
tions [5T]&[531 
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Let's start with the East/West direction. Initially, 
the first hockey player has no momentum in that 
direction, and the second hockey player has mo¬ 
mentum to the East. After they collide, they will 
still have momentum to the East. So they will end 
up moving to the East, at a slower speed than the 
second hockey player had initially, because the mo¬ 
mentum that hockey player had before the collision 
is shared by the two hockey players after the colli¬ 
sion. 

The North/South direction is more complicated. 
One hockey player initially has momentum to the 
North and the other has momentum to the South. 
With their different masses, different speeds, and 
the angle, it is difficult to determine whether af¬ 
ter the collision they will be moving slightly North 
or slightly South, so the final direction should be 
mostly to the East. 

Since the first hockey player was initially moving 
South and ended up moving mostly East, that 
player must have experienced a force during the 
collision that was North and East. That makes 
sense, because that was the direction the second 
player was moving before the collision. This means 
that the second hockey player would have experi¬ 
enced an equal and opposite force, South and West. 
South is easy to see, because the first hockey player 
was initially moving South, and there is a force to 
the West because some of that player's Eastward 
momentum was transferred to the other player. 

There was a loss of kinetic energy during the col¬ 
lision; the lost kinetic energy was converted into 
thermal energy. 



Figure 5.14: Finding the total momentum of the 
two hockey players. [I] 



Before After 


Figure 5.15: Energy bar graph for the collision. 
Initial thermal energy is taken to be zero. Grav¬ 
itational energy is zero because both players are on 
the ground before and after the collision. [TJ 
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Vf = yj (-0.65 m/s) 2 + (2.00 m/s) 2 = 2.10m/s 

n , VcorrijN 1 0 o 

Of - arctan-= -18 

Vcom,E 

The final speed is correct, but we need to check the 
angle against a sketch of the situation to be sure. 
-18° is South and East, and knowing that velocity 
is always in the same direction as momentum we 
can use Figure |5~14| to see that this is the correct 
general direction, so our angle is correct. 

We can use Equation |1.3| to find the final momen¬ 
tum of the hockey players: 

Pf =mtot. • Vf~ 357 kg • m/s @ 18° S of E 

Initial and final kinetic energy can be found using 
Equation |1.6| 

1 2 1 2 

E k ,i =2 TOl ' v i,' + 2 7712 ’ w 2,i= 2565 J 

E k j =^m t0 fV 2 f = 375 J 

Total energy is conserved, and there is no spring 
energy or gravitational potential energy stored after 
the collision, so the lost kinetic energy is converted 
to thermal energy. 



















































5.5 Standing on a Rope 


Words 


Graphics 


Numbers 


We have looked in detail at motion and momentum 
in two dimensions. Let’s turn now to look at forces 
and energy. Consider the fiddler who is standing 
on a rope in Figure [5~T6l We will assume that the 
fiddler is not moving. What are the forces that are 
acting on him? And how much work is he doing? 

Take the mass of the fiddler to be 70 kg. The rope 
in front of him and behind him is angled up 25° 
above the horizontal. 






ISSF 

mi ■ i 

V 




Knowns 

m = 70 kg 

9 1 = 25° above horizontal 
02 = 25° above horizontal 

g = 9.8 m/s 2 


Unknowns 

Forces on fiddler 
W 


Note that the angles are not necessarily the stan¬ 
dard angles in math-they are as described in the 
text and in Figures [5.17| & [5~l8| 


Figure 5.16: A fiddler balancing on a rope.[19j 


First, it is important to establish the meaning of 
the question. One way to look at the situation is 
to say that the only two forces that are affecting the 
fiddler are the force of gravity, directed downward, 
and the normal force of the rope pushing up on his 
feet. That makes this problem essentially the same 
as the rock sitting motionless on the ground from 
Section 0 which is a one-dimensional question 
that by now is something that we should be able 
to answer easily. 

The intent of this question is to investigate the im¬ 
pact of having a rope going off at an angle, so we 
will use as our system the fiddler and also the sec¬ 
tion of the rope on which he is standing. We aren't 
given the mass of the rope, and we will assume that 
it is negligible compared to the mass of the fiddler. 



Figure 5.17: Sketch of the fiddler balancing on 
a rope. The blue dotted line indicates the “sys¬ 
tem" to be considered when making a free body 
diagram. [I] 


To analyze this system, we need to separate the 
forces shown in into x &l y components, using 
Equations |5.2| & |5.3| There are three forces to 
consider, as can be seen in Figure [5T8| 

Using the normal directions of +x to the right and 
+y up. .. 

Fnet,x = F t , 2 • COS 25° - F t , i ■ cos 25° 

F ne t,v = Ft,2 • sin 25° + F t ,i ■ sin 25° - F g 

Since the fiddler is not moving in this scenario, 
his acceleration is zero. That means, according 
to Equation 

Ft, 2 = F t , i 


1.8 


that F net = 0. So. 


.. . and so... 
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Once we have decided on our system, the forces 
that we need to consider are only the forces that 
act on our system, not the forces acting inside the 
system or the forces of the system acting on some¬ 
thing else. One force that acts on the system is the 
force of gravity, which depends on the mass of the 
system (in this case, the mass of the fiddler, since 
we are neglecting the mass of the rope). 

There are also two ropes that connect our system to 
things that are outside of the system, and each of 
those ropes can have a tension force pulling on the 
system. Tension is always a pulling force, just as 
the normal force is always a pushing force. Tension 
is in the direction of the rope, string, chain, etc, 
and if the rope or other object that is being used 
to pull is light (often referred to as massless), the 
tension is the same along the entire length of the 
rope. 

Looking at the sketch in Figure [5T7| we can see 
that there is symmetry. The angles are the same in 
front of the fiddler and behind the fiddler, so if the 
fiddler turned around the picture would be exactly 
the same. That symmetry tells us that whatever 
the tension is in the rope in front of the fiddler is 
the same as the tension behind the fiddler. 

When considering the amount of work the fiddler is 
doing, it was already stated that the fiddler is not 
moving, and since work is caused by a force acting 
over a distance, if there is no distance moved then 
there is no work that is being done. 


Ft, 1 F t ,2 



Figure 5.18: FBD for the fiddler[T| 



Figure 5.19: Adding the force vectors graphically. 
The net force is zero, so we know that the arrows 
have to end in the same place where they started. Jl] 

Graphically adding the vectors shows that the hor¬ 
izontal components of the two tension forces have 
to cancel out, because the gravitational force does 
not have a horizontal component. Graphical addi¬ 
tion also shows that the tension force has approx¬ 
imately the same magnitude as the gravitational 
force, since all three arrows are approximately the 
same length. 


2 • Ft,i ■ sin 25° = F g 

Equation |1.4| tells us that... 

F g =m ■ g= 686 N 


Solving for F t ,i, we get... 


Ft, i = 


F g 

2 • sin 25° 


= 812 N 


Because of the angles involved, the tension in the 
rope is actually larger than the force of gravity! 


We can use Equation |2.3| to find the work that the 
person is doing. 


W=F-Ax 


And since there is no motion Ax = 0, so W = 0. 
No work is being done. 
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5.6 Pulling a Sled 


Words 


Graphics 


Numbers 


This image shows a moose that is connected to a 
sled. Imagine that the moose is pulling the sled 
across level ground at a constant velocity of 3 m/s 
to the left. The strap that it pulls with is at an 
angle of 30° above the horizontal, the mass of the 
loaded sled is 200 kg, and the magnitude of the 
frictional force between the sled and the ground is 
800 N. 

Analyze this physical scenario as thoroughly as you 
can. 



Knowns 

m = 200 kg 

9 - 30° above horizontal 

v = -3 m/si 
F f = 800 N 


Unknowns 

??? 


We can find the momentum of the sled from Equa¬ 
tion 11.31 

Paled = rn ■ ~v = -600 kg • m/s X 


Figure 5.20: A moose strapped to a sled.[20J 


We are given very little information about the 
moose, so we should instead focus on the sled for 
our analysis. Since the velocity is constant, there 
are several things that we know immediately: 


Motion Map 


Kinetic energy is easy to find, from Equation |1 .6 


1 


E k ,aied=-m-v = 900 J 


• The momentum has to be constant. 

• The kinetic energy has to be constant. 

• The acceleration, which is the change in ve¬ 
locity over time, has to be zero. 

• Since the momentum is constant (or since 
the acceleration is zero), the net force on the 
sled has to be zero. 


4s 3s 2s Is 0s 

o^o^o^o«-o 

Figure 5.21: Motion map of the sled moving to the 
left at constant velocity.[T] 


Acceleration is also easy to find, from Equation|2.2[ 


— Aw 
a =-—= 0 

At 


We could draw a single momentum bar, or an en¬ 
ergy bar graph with only one bar, but usually those 
are only useful when we want to show a change in 
something. Since momentum and energy are both 
constant, drawing them is not very useful. 


Since a = 0, Equation 1.8 tells us that the net 
force is also zero. So the sum of the forces in both 
the x and the y directions must be zero. 


F ne t,x = Ff - Ft ■ cos 9 = 0 

We are given Ff, so we can solve for F t '. 


Ff 









Also 


The force of gravity is balanced partly by the nor¬ 
mal force but also partly by the upward part of the 
tension in the strap, so the normal force should be 
less than the gravitational force in this case. The 
forward part of the tension force needs to be just 
large enough to balance the force of friction. 

The net work that is being done is zero, since the 
speed is not changing, but in fact the moose is 
doing work by pulling the sled, and the frictional 
force is doing negative work to try to stop the sled. 

Work is a force being applied through a displace¬ 
ment, and the displacement is constantly increasing 
in time since the sled is moving at a constant veloc¬ 
ity. That means that the moose is doing a constant 
amount of work per time. 

In physics we have a special name for work per 
time: Power. Power is measured in Watts, where 
1 Watt is 1 Joule per second. 


Fn 



Figure 5.22: FBD for the sled, with guesses about 
the magnitudes of each arrow. [1] 



Figure 5.23: Adding the force vectors graphically. 
The net force is zero, so we know that the arrows 
have to end in the same place where they started. [lj 

Just from adding the force vectors graphically with 
correct directions but without doing calculations 
for magnitudes, we can see that the only way the 
net force can be zero is for the normal force to be 
smaller than the gravitational force and for the hor¬ 
izontal component of the tension force to exactly 
cancel the frictional force. 


F net , y = F n + F t • sin 9 - F g = 0 

F g is the mass times the acceleration of gravity, or 
1960 N, so the only thing we don’t know in that 
equation is F n , so we can solve for it. 

F n = F g - Ft • sin 9 = 1500 N 


The force of friction is opposing the direction of 
motion, so as the sled moves, friction is doing 
negative work on the sled. The moose is doing 
positive work on the sled, so that the net work is 
zero. The amount of work done by the moose is 
given by Equation ??: 

W = F ■ A x=F ■ Ax ■ cos 9 


But we don't have a displacement in this scenario. 
The displacement increases over time, so the work 
also increases over time. The moose is doing a con¬ 
stant amount of work per unit time, or supplying a 
constant power: 


(5.5) 


...where P is power, and the equation is valid 
while the force is constant. Power can also be ex¬ 
pressed as... 


W F ■ Ax F ■ Ax ■ cos 9 
A T At At 


P =F ■ v =F ■ v ■ cos 9 


(5.6) 


So the power supplied by the moose is: 


Pmoose =F t • v • cos 9= 2400 W 
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5.7 Pulling a Frictionless Sled 


Words 


Graphics 


Numbers 


Let's consider the same physical scenario as in Sec¬ 
tion 5.6 but this time consider what would happen 
if there were no friction between the sled and the 
ground. 


If the moose started at rest and pulled the 200 kg 
sled with the same force as before, 923 N, at an an¬ 
gle of 30° above the horizontal, across a horizontal 
distance of 50 m, what would happen? 



Knowns Unknowns 

m = 200 kg ??? 

F t = 923 N 

6 = 30° above horizontal 

Ax = -50 m x 


F f = ON 


Figure 5.24: A moose strapped to a sled.[20J 


Again, we are given very little information about 
the moose, so we should instead focus on the sled 
for our analysis. 

The moose is generating a force that is acting over 
a certain distance, so a good starting point would 
be to consider the work that the moose is doing. 
The moose does work on the sled, which increases 
the kinetic energy of the sled. At first the sled is 
not moving, so it begins with zero kinetic energy. 
The sled stays on level ground the entire time, and 
there are no springs to worry about, so all of the 
work done by the moose is converted into kinetic 
energy. 



Since there is no acceleration in the vertical direc¬ 
tion, our analysis of the y components of force in 
Section [5Tl where F net , y = 0 remains valid. But we 


need to reconsider F, 


net,x 


Fnet,x ~ Ft 


cos (9 =-800 N 


Since we know the mass of the sled, we can also 
find its acceleration, using Equation |1.8| 


> < 



—- F ne t 

a = - 

TO 


-4 m/s 


Figure 5.25: FBD for the sled, with arrow lengths 
based on the forces found in Section 5.6 [1] 


Given net force and displacement, we can use Equa¬ 
tions [2T]&[2~3] to find final kinetic energy: 

— F n et ' Ax • COS Q— AEfc — -Efc,/ — T'fc? i 
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The net force on the sled gives it an acceleration 
in the same direction as the net force, to the left. 
Since the sled started at rest, its speed will increase 
to the left over the entire time that the moose is 
pulling. That also means that the momentum will 
be increasing to the left the entire time that the 
moose is pulling. 

In the physical situation examined in Section [5~6| 
the velocity was constant, so the power supplied 
by the moose was constant. In this situation, the 
speed is increasing, so every second the moose is 
covering more distance than it did in the previous 
second. That means every second the moose is 
doing more work than it did in the previous second. 

So the amount of power that the moose is produc¬ 
ing increases as its speed increases. For any real 
creature or machine, the power it can produce lim¬ 
its the amount of force that it is able to apply to 
an object. Typically a larger force can be applied 
when the object is moving at a low speed, and as 
speed increases power becomes the limiting factor. 


F n et 



F t 


.. . where 9 is the angle between F net and Ax, not 
the angle of the strap that the moose is using to 
pull the sled. 

E kJ =(800 N) • (50 m) • cos 0°= 40 000 J 

From here, we can easily find the final speed of the 
sled, using Equation |1.6[ 


Figure 5.26: Adding the force vectors graphically 
shows that there is a net force to the left. [I] 


E k j =-m-v 


2 

/ 



Interestingly, since we found acceleration earlier we 
could have found the velocity in a more direct route. 
Multiplying the above equation for W ne t by 2, di¬ 
viding by rn , and rearranging it slightly gives: 


(5.7) 


This is commonly considered to be a standard equa¬ 
tion of motion. 

Once we have the final velocity and the acceler¬ 
ation, we can also find the time needed for the 
moose to pull the sled 50 m. 


2a ■ Ax ■ cos 0 = vj -v? 


Figure 5.27: Velocity of the sled.p] 


The power that the moose uses to pull the sled 
increases over time, even though the force stays 
the same. This can be seen from Equation |5.6[ 
knowing that the velocity is constantly increasing 
in time since the force is constant. The maximum 
power will be needed at the maximum speed: 


Frnax ~E ne t ' V f • COS 0 
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5.8 Waterslide 


Words 


Graphics 


Numbers 


The waterslide shown in Figure |5.28| has an ex¬ 
tremely steep slope at the top. Water is used to 
lubricate the slide during operation, making it es¬ 
sentially frictionless. 

The slide has a height of 9 m and the slope goes 
down at an angle 70° from the horizontal. If a 
50 kg rider starts at the top at rest and slides down 
the steep slope, what is her acceleration down the 
steep slope, what is her speed when she reaches 
the bottom of the steep slope, and how much time 
does it take her to reach the bottom of the steep 
slope? 

We need to consider the acceleration down the 
slide. Acceleration is a vector, so it includes di¬ 
rection. We could specify the direction of the ac¬ 
celeration using x and y components, or a magni¬ 
tude in some direction, but it would be easier if we 
just create a way to refer to the direction down the 
slope. We can call that the "parallel'' direction, 
and then the “perpedicular" direction would be at 
a right angle to the direction of the slope. 

If the slope were completely flat, then the rider 
would just sit there, not accelerating. If the slope 
were completely vertical then the rider would be 
in free-fall, accelerating down the slope with the 
acceleration of gravity g. For slopes in between 
these extremes, the acceleration should be between 
zero and g. The steeper the slope, the closer the 
acceleration would be to g. 



Figure 5.28: A waterslide.[l2Tj 



Figure 5.29: A sketch of the rider on the waterslide. 
x &l y axes are shown, as are || & i axes.jl] 


Knowns 

m = 50 kg 

6 = 70° above horizontal 

2/o = 9m 
Vf = 0 m 
= 0 m/s 
F/ = 0N 


Unknowns 

a 


Vf 

At 


We can use work and energy, Equation [Zl] to eas¬ 
ily find the speed at the bottom of the slope. 
There are no external forces or springs, and no fric¬ 
tion to generate thermal energy, so we only need to 
consider kinetic and gravitational potential energy. 


Ekf + Ugf ~ Ek^f + Ug f 


Taking ground level to be y = 0... 

1 2 

0+TO ■ g ■ 2/o = -tti' v } + 9 
Vf =\/2g-y 0 = 13.3 m/s 

If we knew the rider’s displacement from the top to 
the bottom of the steep slope, we could use Equa¬ 
tion [5T] to find her acceleration down the slope. 
The magnitude of the displacement is the length 
of the steep slope, which we can find from Fig¬ 
ure [ET29] using Equation |5.2| 


Ax 


2/o 

sin 70° 
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If there is really no friction on the waterslide, then 
the only forces affecting the rider are gravity and 
the normal force. And since the motion is per¬ 
pendicular to the normal force, the normal force 
doesn’t do any work on the rider. So it is only grav¬ 
ity that affect's the rider's energy. Since energy is 
conserved, all of the rider’s gravitational potential 
when she is at the top of the waterslide will be 
converted to kinetic energy when she reaches the 
bottom. So that means it doesn't actually matter 
how steep the slope is-the speed at the bottom 
will be the same if the rider has dropped the same 
vertical distance. 

The amount of time that the rider takes to reach 
the bottom will depend on how steep the slope 
is. If the slope is steep then the distance traveled 
will be short and the acceleration will be large. If 
the slope is shallow, then the distance traveled will 
be longer and the acceleration will be smaller, and 
both of these changes will mean a longer time to 
the bottom with a more shallow slope. 

In our everyday experience, we would say that the 
rider would be going faster at the bottom if the 
slope is steep. That is correct, because in everyday 
life the friction is never really zero, and in fact the 
frictional force would be smaller when the slope is 
steeper. 



F g 

Figure 5.30: FBD of the rider on the waterslide. [T] 

Since the acceleration of the rider is in the parallel 
direction, the net force also has to be in the parallel 
direction, giving us the relative magnitudes of F g , 

F n , and F ne f. 



F n 


Figure 5.31: Adding the force vectors graphi- 
cally.[T] 


Since the displacement and the acceleration are 
both in the positive parallel direction... 


2aii • Axii 


1 


a 


v f 2 gyo 

2Axu 2 

II sinvO' 


g -sin70° 


Which means that the force due to gravity down a 
slope is given by 


(5.8) 


.. .where the positive parallel direction is down the 
slope and 6 is the angle of the slope above the 
horizontal. 


F g || =m ■ g ■ sin (9 


In the direction perpendicular to the slope, the 
gravitational force pointing into the slope exactly 
cancels the normal force out of the slope. Using 
Figure [5~3l and Equation 5.3 . . 


Fg t i = - to • g ■ cos 6 


(5.9) 


.. .where the positive perpendicular direction is up 
out of the slope and 6 is the angle of the slope 
above the horizontal. 
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5.9 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 


• For our analyses, the two dimensions being considered must be at right angles to each other. 

• Vectors can be added graphically by combining them “tip to tail,” with the resultant vector starting 
at the tail of the first vector and ending at the tip of the last vector. This provides a good estimate 
of the resultant vector if the drawing is made and measured carefully. 

• Vectors can be added numerically by breaking them up into components and adding the components 
separately. 

• In a problem involving compass directions, it is often convenient to call South "negative North" and 
West “negative East" while doing calculations, but the final answer should be given in positive values 
North, South, East, and/or West. 

• SouthEast, NorthEast, etc. are specific directions exactly halfway between, for example, South and 
East. "South and East" can refer to any direction between South and East. 

• The bearings on a compass are not the same as the standard angles used in mathematics and physics. 
In physics, angles are normally measured counterclockwise from the positive x axis. 

• It is important to sketch a physical situation when dealing with angles, so you have a general idea of 
the directions. Trusting in a calculator alone to give a correct answer for an angle is risky, because 
for every trigonometric function there are multiple angles that give the same answer. 

• Subtracting a vector is the same as adding the opposite of the vector. The opposite of a vector is 
another vector with the same magnitude and opposite direction. 

Forces 


• Force vectors in two dimensions can be added graphically or numerically. 

• If a force is applied in a direction that is not in the direction of an object's motion and not opposite 
the direction the object's motion, the speed of the object may not change, but the direction of its 
motion will change. 

• Tension is a pulling force that is in the direction of the string, rope, chain, etc. 

• If a rope or other object that is being used to pull is light (often referred to as massless), the tension 
is the same along the entire length of the rope. 


Motion 


• The mathematical models that are used to compare relative motion between different objects also 
work when one object is riding on another. 

• Displacement vectors in two dimensions can be added graphically or numerically. 

• Velocity vectors in two dimensions can be added graphically or numerically. 

• Acceleration vectors in two dimensions can be added graphically or numerically. 

Momentum 

• Momentum vectors in two dimensions can be added graphically or numerically. 

• Momentum bars can be used in two dimensions if separate sets of bars are used for the different 
directions. 

Energy 

• Since kinetic energy does not depend on the direction of an object’s motion but on its speed, it 
doesn’t matter whether you calculate the kinetic energy using vector components separately or simply 
using the speed. 

• Power is work per time. It is measured in Watts. 

• 1 Watt is 1 Joule per second. 

• For any real creature or machine, power limits the force that it can produce. Typically a larger force 
can be applied at low speed and power becomes the limiting factor at high speeds. 

Mathematical Models 


equation 

restrictions on the validity of the equation 

a 2 = az + a* I 

5.1 


-none- 

sin 9 = ( 

5.2 


calculator may give wrong theta-confirm with a sketch 

cos 8 = A* ( 

5.3 


calculator may give wrong theta-confirm with a sketch 

tan0=^ ( 

5.4 


calculator may give wrong theta-confirm with a sketch 

p _W _ F-Ax _ F-Ax-cosO / 
r At~ At ~ At ' 

5.5 


only valid when the force is constant 

P = F ■ ~v =F ■ v • cos 6 ( 

5.6 


only valid when the force is constant 

2 a ■ Ax • cos 9 = v 2 j - vf ( 

5.7 


only valid when the net force is constant 

F g || =m • g ■ sin0 ( 

5.8 


-none- 

F g l = - m • g ■ cos 8 ( 

5.9 


-none- 


























5.10 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], See the appendices for conversion factors. 


Level 1 - Remember 


5.1 

5.2 

5.3 


[G & N] Which gives the most accurate result, adding vectors graphically or numerically? 


[W & G] Describe the direction that the boat in Figure pT2| is moving, in terms of compass directions. 

[W & N] Add labels to each equation in the "Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. 


Level 2 - Understand 


5.4 [W & N] Why is it important to sketch physical scenarios instead of just trusting a calculator when 
it comes to angles? 


5.5 [N] How much thermal energy was generated in the collision described in Section [574 


5.6 [W & G] Motion maps can be drawn in two dimensions. Create a motion map showing the soccer 
ball from Section l5~3lfrom three seconds before the kick to three seconds after the kick. 


5.7 [N] What are the initial momenta for each of the ice hockey players in Section pTf 


5.8 [G & N] Equation |5. 6 [ includes an angle 6, but the text doesn’t say what the angle is. Based on what 
you know about Equation ??, what would this 6 be measured between? Make a sketch that shows 
the angle 6 in relation to the other variables in this mathematical model. 


5.9 [N] In the calculation of E^j in Section 
this an error in the text? Explain. 


5.7 


0° is used for 6, but in the “knowns" it says 9 = 30°. Is 


Level 3 - Apply 


5.10 [G & N] For the physical scenario considered in Section |5.1j the velocity of the boat as seen by 


the dock is calculated in component form, and the magnitude of the velocity is also found, but the 
direction is not found. Find the direction. 


5.11 [N] At the end of Section [5/3] a statement is made that using velocity vector components instead of 
speed gives the same result when calculating kinetic ener gy. V erify this statement by calculating the 


initial and final kinetic energy of the soccer ball in Section 5.3 using the N and E components of the 


velocity and comparing to the given result that was calculated using the speed. 


5.12 [G & l\l] If everything else stayed the same, what initial speed of the first hockey player in Section 5.4 
would have resulted in a final momentum that was due East? 


5.13 [G & N] If everything else stayed the same, what initial speed of the second hockey player in 
Section l5~4l would have resulted in a final momentum that was due East? 

5.14 [N] Find the magnitudes and directions of the forces on each hockey player in the collision described 
in Section [5~4] if the length of time that the two players are crashing into each other is 0.05 seconds. 











5.7 


5.15 [G] Create a motion map representing the position of the sled in Section pTj as the moose pulls it 
50 m. 


5.16 [G & l\l] The final velocity and maximum power are not calculated in Section 5.7 Calculate values 
for them. 


Level 4 - Analyze 


5.17 [W, G, & N] If the river in Section 5.1 were 50 m wide like the river in Section 5.2 how much 


time would the boat need to cross the river? What is the best direction in which to angle a boat 
if you want to cross the river as quickly as possible with no regard for the distance the boat travels 
downstream? 


5.18 [W & G] First, draw the motion map for the soccer ball from the question in the "Level 2 - Under¬ 
stand” section. Then, explain how the motion map shows the acceleration during the kick. 


5.19 [G & N] Find the direction of the force that would have to be applied to the soccer ball in Section 5.3 
in order for its final velocity to be... 


(a) ... due East at 20 m/s. 

(b) ... due East at 10 m/s. 

(c) ... 20 m/s @ 30° East of South. 


5.20 [W, G] Redraw Figures 5.17 5.18 and 5.19 for the rope at the following angles, and describe how 
the magnitude of the tension force in the ropes would be different from that with the rope at the 
original angle. 


(a) 9 = 75° above the horizontal 

(b) 9 = 5° above the horizontal 


Level 5 - Evaluate 


5.21 [W, G, & N] According to Section 5.1 for a boat moving at a speed of 5 m/s relative to a river 


whose speed is 4 m/s, the highest possible speed for the boat as seen from the dock is 9 m/s, and the 
slowest possible speed is 1 m/s. Is there any direction that the boat could travel such that its speed 
relative to the water is still 5 m/s, and the speed of the boat relative to the dock is also 5 m/s? If 
not, explain why not. If so, find the direction graphically or numerically. 


5.22 [W, G, & N] Describe using words and either graphics or numbers how the acceleration, final energy, 
and final momentum of the soccer ball in Section ?? would have been different if the force applied 
to the ball during the kick were doubled and the time remained the same. 


5.23 [W, G, & N] Consider the physical scenario described in Section 5.4 Are the speeds and masses 


reasonable? Is the assumption about the collision being perfectly inelastic reasonable? Give reasons 
for your answers. 


5.24 [W] In Section [575] an assumpton is made that the mass of the section of rope on which the fiddler 


is standing is negligible. 


(a) Is this a reasonable assumption? Explain your answer. 

(b) If a question were asked about the fiddler in which the mass of the entire length of rope were 
neglected, would that be a reasonable assumption? Explain your answer. 














5.25 [W, G, & N] Analyze the physical scenario of the moose pulling the sled in Section 5.7 if the mass 
of the sled were to be cut in half. What affect would this have on the motion, momentum, forces, 
energy, and power? 


5.26 [W, G, & N] Analyze the physical scenario of the moose pulling the sled in Section 5.7 if the mass 


of the sled were to be cut in half and the pulling force of the moose were also cut in half. What affect 
would this have on the motion, momentum, forces, energy, and power? 


5.27 [W, G, & N] Is the final speed attained by the moose and sled in Section 5.7 reasonable? Explain 


your answer. If it is not reasonable, what faulty assumptions or unrealistic starting parameters result 
in an unreasonable answer? 


Level 6 - Create 

5.28 [W, G, 8i N] At the beginning of Chapter[l]in Figure |TT| was a template for a concept map. Add 
the main ideas from this chapter to the concept map that you began for the question at the end of 
Chapter[l] 

5.29 [W, G, & l\l] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 
described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

5.30 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 





Chapter 6 


Variable Forces 


So far, we have considered only situations where 
force is constant. That makes life easier, and it 
allows us to use reasonably simple mathematical 
models. But the world isn’t simple, and now it is 
time to begin addressing situations where forces 
change. 

In the example of the spring scale shown in Fig- 
ure |6.1| the distance between the ends of the scale 
is related to the amount of force applied by the 
scale. That’s what makes it function as a scale- 
you can read the position to know the amount of 
force. So with a spring, force is dependent upon 
displacement. 

Another example is frictional force. Friction op¬ 
poses the relative motion between two objects, so 
if the direction of motion changes, the direction 
of the frictional force also changes. If the two 
objects are not moving relative to each other, the 
frictional force changes depending on the net force 
created by all other forces, adjusting to keep the 
total net force at zero so the objects remain sta¬ 
tionary relative to each other. 

A third example is gravitational force. We have 
been using g as the acceleration due to gravity, 
but that is only true at the surface of the earth. 
In fact, the force of gravity changes with distance 
from the center of the earth...and with distance 
from the center of everything else in the universe. 



Figure 6.1: A spring scale, which changes in length as 
the tension force changes.[22j 





6.1 Spring Scale 


Words 


Graphics 


Numbers 


Springs are physical objects that are usually made 
from metal because of many metals’ ability to re¬ 
turn to their original shape after being flexed. Spring; 
can produce force, and they can also store potential 
energy. For an ideal spring, the force required to 
stretch or compress it is proportional to the amount 
of extension or compression. This is referred to as 
"Hooke’s Law.” We will consider only ideal springs, 
which will be a good approximation to springs in 
the real world in most circumstances. Real springs 
are more complicated. They do not obey Hooke's 
Law when the compression or extension is large, 
and can become permanently deformed if stretched 
too far. 

Let's consider the spring inside the scale shown in 
Figure [6~2l If the markings represent the mass of 
an object that is hanging from the hook, measured 
in kg, and the spacing between each number is 
0.01 m, what is the stiffness of the spring, and how 
much potential energy is stored in the spring if a 
5 kg mass is hanging from the hook? 

It is important to notice that the numbers on the 
scale do not refer to the length of the spring. They 
refer to how far the spring is compressed from its 
natural length. 



Figure 6.2: A spring scale and a schematic of the 
way the spring is connected inside. 23 

The ring at the top of the scale is connected to 
the orange body of the scale, which is connected 
to the bottom of the (purple) spring inside. The 
black hook at the bottom of the scale is connected 
to a rod that passes up through the spring and is 
connected to the top of the spring. Pulling down 
on the hook presses down on the top of the spring. 


Knowns Unknowns 

0.01 m/kg k s 

U s for 5 kg 

k s is called the spring constant, and it is a mea¬ 
sure of the stiffness of a spring. It is defined using 
Hooke’s Law: 


( 6 . 1 ) 


.. .where F s is the force of the spring acting on 
whatever is extending or compressing it, k s is the 
spring constant, and Ax is the displacement of the 
end of the spring from its unstretched and uncom¬ 
pressed "equilibrium” position. 


F s = - k s ■ Ax 


k .s always has a positive value. The minus sign in 
Equation |6. 1| tel Is us that the force applied by the 
spring is opposite to the direction of the displace¬ 
ment. For example, if a spring is stretched to the 
right, it will be pulling to the left. 


Hanging one kg from this scale compresses the 
spring by 0.01 m. We can use this information 
to find the spring constant with Equation 6.1 The 
free body diagram in Figure [6~3| shows us that the 
force of the spring is upward and has the same mag¬ 
nitude as the force of gravity that is acting on the 
1 kg mass. We only need to consider the vertical 
direction. 
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The stiffness of the spring is measured in terms 
of its spring constant, in Newtons per meter. A 
stiffer spring (higher spring constant)will compress 
less when a force is applied. 

If a spring is not stretched or compressed, it can¬ 
not do any work, so it has no spring potential en¬ 
ergy. But if work is done on the spring to stretch 
or compress it and none of that work is converted 
to final kinetic energy, all of the work gets stored 
as spring potential energy. The farther a spring is 
stretched or compressed, the more energy it stores. 
A stiffer spring also stores more energy than a less 
stiff spring if both are stretched or compressed by 
the same amount. 

An ideal spring also stores the same amount of en¬ 
ergy whether it is stretched or compressed, if the 
amount of extension or compression is the same. 
Spring potential energy is another type of mechan¬ 
ical energy. 


> i 



Figure 6.3: FBD of the 1 kg mass, hook, and metal 
bar when the system is in equilibrium. [I] 



Figure 6.4: As the distance the spring is stretched 
(or compressed) increases, the force required to 
stretch (or compress) it also increases in linear fash¬ 
ion. [1] 


F S y =m ■ g = -k s ■ (-0.01 m) 




m ■ g (1 kg) - (9.8 m/s 2 ) 


= 980N/m 


0.01m 0.01m 

We have not only found the value for the spring 
constant; we have also found that the unit for the 
spring constant is [N/m], 


To find energy stored in the spring, we need to con¬ 
sider how much work is used to stretch or compress 
the spring. Work is done by a force acting over a 
distance, so we need the distance that the spring 
is compressed when a 5 kg mass is hung from it. 
We could use Hooke's law, but it is simpler to note 
that we found k s by knowing that the spring com¬ 
presses by 0.01 m/kg. So a simple ratio tells us the 
distance: 


5 kg • 0.01 m/kg = 0.05 m 

We can use Figure [O] to find the work that was 
done in compressing the spring by finding the area 
under the curve. It is triangular, so the area is 
7 >b ■ /i.The base is 0.05 m, and the height is the 
force associated with the maximum distance: 

F = -F s =k s • Ax 

Note that we are using -F s because we are looking 
for the force on the spring, not the force caused by 
the spring. The area under the curve is therefore: 

1 1 9 

W = -■ Ax ■ k s ■ Ax= - ■ fc s • 


So the potential energy stored in a spring is given 
by. .. 


U s =- ■ k s ■ Ax 2 


( 6 . 2 ) 
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6.2 Bouncing Ball 


Words 


Graphics 


Numbers 


The collision between a tennis ball and a concrete 
driveway was recorded using high-speed video at a 
frame rate of 240 frames per second. Five consec¬ 
utive frames are shown from left to right in Fig¬ 
ure [T4] The tennis ball has a mass of 57 g and 
a diameter of 6.6 cm. Analyze the motion, forces, 
energy, and momentum involved in this situation. 

The ball appears to have taken damage during the 
collision, but in fact it was thoroughly chewed by a 
dog before the video! It was not damaged during 
this collision. 





Figure 6.5: Still frames of a tennis ball bouncing 
off of concrete. The images, left to right, were 
taken at a rate of 240 frames per second. Note the 
flattening of the ball in the center frame.[1] 


Knowns 

Unknowns 

to =0.057 kg 

Vi 

d =0.066 m 

Vf 

f frame ~ 240 

a 

t< - A - s 

F's 

y 0 = 0.11 m 

E’s & U’s 

y\ = 0.06 m 

A p 

r/2 = 0.02 m 


2/3 = 0.05 m 


2/4 = 0.08 m 



By using the tennis ball as a length scale, we should 
be able to determine the initial velocity from the 
first two images and the final velocity from the last 
two images. 

We can also use the distance above the ground 
to determine the gravitational potential energy in 
each frame. 

We do not know the exact length of the time that 
collision lasted, the time that the ball was touching 
the ground, but we can see that the collision had 
not yet started in the second image and was finished 
by the fourth image, so the time of the collision was 
less than 1/120 s. 


t is used for the duration of the collision. The 
different values for y of the center of the ball have 
been estimated from the images and the diameter 
of the ball. There is not significant motion in the 
x direction, so we will restrict our analysis to the y 
direction. 


_ yi-yo 

t frame 


Vf 


7/4 - 7/3 
f frame 


(0.06 - 0.11) my 

X/ 

240 ° 

(0.08 - 0.05) my 

240 ° 


a avg 


Av (+7.2 - (-12)) m/s y 


-12 m/s y 
+7.2 m/s y 
1540 m/s 2 y 
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Looking at the series of images, it is clear that the 
most significant changes revolve around the time of 
the collision. The ball is badly misshapen when it 
is touching the ground, and the direction of motion 
(and the direction of the momentum) reverses dur¬ 
ing that time as well. So we will focus our attention 
on the center frame. 

The ball must be pressing down very hard on the 
concrete at that time, so there must also be a cor¬ 
respondingly large normal force pushing up on the 
ball from the concrete. This is what is able to 
change the direction of motion (and therefore also 
the momentum)of the ball. 

What about the energy during that center frame? 
Before and after the center frame, the ball clearly 
has kinetic energy. But in the center frame the 
ball does not. Also before and after the center 
frame the ball has more gravitational potential en¬ 
ergy than in the center frame. 

Always before, when kinetic and gravitational po¬ 
tential energy were reduced it meant that the en¬ 
ergy was converted to thermal energy. And that is 
partly true here as well. In the last frame the ball 
apparently has less kinetic energy and less gravita¬ 
tional potential energy than in the first frame. So 
some was lost to thermal energy. But not all! 



Before Center After 


Figure 6.6: Energy bar graph for the collision. Ini¬ 
tial thermal energy is taken to be zero. pQ 

The series of images provides a good estimate of 
all types of energy before and after the collision. 
During the collision, in the center frame, it is clear 
that kinetic and potential energy should both be 
at or near zero. But it is not clear for the cen¬ 
ter frame how the energy should be split between 
spring and thermal. For this bar graph it has been 
assumed that the thermal energy for the center 
frame is roughly half of the thermal energy that 
is present after the collision. 


The time used above for the calculation of acceler¬ 
ation was three frames because Vi was calculated 
between frames 0 & 1 and Vf was calculated be¬ 
tween frames 3 & 4, so three frames later. The 
acceleration found is so much larger than the ac¬ 
celeration due to gravity that we can safely ignore 
the effects of gravity, so in fact nearly all of the 
acceleration occurs between frames 2 & 4. The 
maximum acceleration is given by 


iw ^ <+7 ' 2 ; ( l 2))m/s " - 2 300 y 

At i ■ 240 s 


Using Equation |1.8| gives us the maximum force 
during the collision: 


Fnet.max —TTl ‘ d max — 131 N y 


The initial and final kinetic energy is given by Equa¬ 
tion 11.61 

Ek,i=-m-Vi = 4.1 J 

1 9 

E kj =^ m ' v r 1 - 5 J 

The gravitational potential energy when the ball 
is at the highest point in these frames is given by 
Equation |1.5| 

Ug. max =to • g ■ y 0 = 0.06 J 


The rest of the energy in the center frame was 
stored as spring (sometimes called elastic) potential 
energy in the ball. 


Again with gravity, its contribution to energy is so 
small compared to the other types of energy that 
it can safely be ignored in this scenario. 


109 

























6.3 Pushing a Barrel 


Words 

A group of sailors in Figure [6~7] are attempting to 
slide a barrel across the deck of an aircraft carrier 
using water from a hose. 

If the force that the water applies to the initially 
motionless 180 kg barrel starts at zero and slowly 
increases, the barrel remains in place until the ap¬ 
plied force reaches 1200N, at which point it begins 
to slide with an acceleration of 3 m/s 2 . 

Find the force of friction between the barrel and 
the deck of the aircraft carrier over the time that 
the sailors are spraying water at it. 


Graphics 



Figure 6.7: Sailors trying to move a barrel using 
water from a fire hose. [24] 


Numbers 

Knowns 

to =180 kg 
g = 9.8 m/s 2 
0 < F x ^ app u ed < 1200 N 
a/ = 3 m/s 2 x 

cl — 0 when F x , a ppHed ^ 1 200 N 

There are two types of frictional force, “static" 
Ff tS ^ when the objects are not moving with re¬ 
spect to each other and “kinetic" when they 

are. 


Unknowns 



Before the water is sprayed at the barrel, the barrel 
is motionless. Since the barrel is motionless, we 
know that the net force on it has to be zero, so the 
normal force exactly balances the force of gravity in 
the vertical direction. In the horizontal direction, 
there are no forces, so the force of friction at that 
time is zero. 

That sounds wrong, because if you were to push 
on the barrel the friction would probably be strong 
enough to prevent you from moving it. But the 
key here is that phrase, if you were to push. If you 
push to the left, friction will push to the right. If 
you push to the right, friction will push to the left. 
Friction will do whatever it has to do to keep the 
barrel in place. If nothing else tries to push the 
barrel, friction does nothing! 


F n 


F 9 

Figure 6.8: FBD of the barrel with no applied force 
from the water. [T] 


The magnitude of the maximum static frictional 
force between two objects is... 


(6.3) 


.. . where p s is the coefficient of static friction and 
F n is the magnitude of the normal force between 
the two objects. 

The magnitude of the kinetic frictional force be¬ 
tween two objects is... 


Ff. 


~Ps * F n 


Ff,k ~h'k * F n 


(6.4) 


.. . where pk is the coefficient of kinetic friction and 
F n is the magnitude of the normal force between 
the two objects. 
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When the water is sprayed at the barrel, it applies 
a force to the right. As this applied force increases, 
the frictional force increases along with it, prevent¬ 
ing the barrel from moving...until the force from the 
water reaches 1200N. Then something changes. 
The friction is no longer strong enough to hold 
the barrel in place-we have found the maximum 
"static” frictional force between the barrel and the 
deck. 

Static frictional force is present when the two ob¬ 
jects are not moving with respect to each other. 
Once they start moving, it is “kinetic” frictional 
force that takes over. Unlike static fricional force, 
the magnitude of the kinetic frictional force does 
not depend upon any other applied forces. Kinetic 
frictional force is always less than or equal to the 
maximum static frictional force-typically it is much 
lower. 

Since this situation is on an aircraft carrier, we can 
also consider the situation where the deck is ris¬ 
ing and falling. If the deck is accelerating down¬ 
ward, the normal force will be smaller than the force 
of gravity; in other words, the “apparent weight" 
(the normal force required to keep the barrel on 
the deck) will be smaller. This reduces the force 
of friction between the surfaces, making the barrel 
easier to move. On the other hand, if the deck 
is accelerating upward the apparent weight of the 
barrel will be larger, increasing the frictional force 
and making it more difficult to move. 


F n 

> V 



Figure 6.9: FBD of the barrel with 600 N of applied 
force, p] 


Fr, 


F 


f,k' 


F n 


F, 


applied 


Figure 6.10: FBD of the barrel with 1200 N of 
applied force. [T] 





F ne t,\\ other than Ff [N] 


In this physical scenario, the magnitude of the nor¬ 
mal force is the same as the magnitude of the force 
of gravity and the maximum static frictional force 
is 1200N, because when the applied force reaches 
this value the barrel begins to slide. Using Equa¬ 
tion |63] we can find /x s : 

Ff,s,max 1 200 N 

u s = —--= -— = 0.68 

F n 180 kg-9.8 m/s 2 

To find /ifc, we need to know Ff k , which we can 
find by applying Equation |1.8| to Figure [6T0| 

Fnet,x ~ F app u e d ~~ Ff k =TTl • d x 

Solving for Ff k gives 660 N. Then, using Equa¬ 
tion 16.41 . . 

_F fik _ 660 N 

F n 180 kg-9.8 m/s 2 

Notice that there are no units on these coefficients, 
and that is considerably smaller than fi S] which 
is typical. Tables of n k & n s for various combi¬ 
nations of surfaces can be found by searching the 
internet for a "table of coefficients of friction.” 


Figure 6.11: Force of friction as a function of net 
force from other sources parallel to a surface. |T| 
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6.4 Sledding at White Sands 


Words 


Graphics 


Numbers 


At White Sands National Monument in New Mex¬ 
ico, USA, the sand is slippery enough that children 
can slide down the sand dunes on plastic sleds. If 
the angle of the slope is less than 35° from the 
horizontal, a 25 kg child cannot slide down. But 
at 35° from the horizontal the child can slide down 
with an acceleration of 2 m/s 2 . 

What are the static coefficient of friction and the 
kinetic coefficient of friction for the surface be¬ 
tween the sled and the sand? What is the final 
speed of the child upon reaching the bottom of 
a 2.5-m-long sand dune if they started at the top 
with zero speed? What else can we find for this 
physical scenario? 



Figure 6.12: Children sledding at White Sands Na¬ 
tional Monument. [25] 


Knowns 

Unknowns 

(9 = 35° 

As 

g = 9.8 m/s 2 

A k 

~a = 2 m/s 2 

Vf 

Aa;|| = 2.5 m 

??? 

o 

II 

o 


to = 25 kg 



We can find Vf by using Equation 5.7 

2a|| • A.x\\ = v'j - v\ 


Vf = ■ Ax|| = 3.16 m/s 


Coefficients of friction are ratios of the frictional 
force to the normal force between two surfaces. 
Frictional force is not dependent upon the surface 
area. That is important in this example, because 
the curved bottom of the sleds make it difficult to 
determine the surface area of the sled that is in 
contact with the sand. 

If the surface area is not important, why are car 
tires and most shoes are patterned with treads? 
Usually the function of the treads is to allow the 
shoe or the tire to reach the ground firmly if there 
is water on the surface. A completely smooth car 
tire would easily go out of control, “hydroplaning" 
if there were any water on the ground. 



Figure 6.13: Sketch of a child sledding down the 
sand dune.[I] 


By comparing the figures in this section and apply¬ 
ing Equation |5.8| it can be seen that the net force 
down the slope is given by: 

Fnet , II = Fg,\\ - F f =m ■ g ■ sin 9-F f 

Which Ff we use depends on whether the sled is 
moving or not. Since the angle given is just at the 
point where the child starts to slide, we can use it 
to find F s rnax and if we include the acceleration 
given at this angle we can also use it to find 
Since a ± = 0, we can see from the figures in this 
section that F n = F ;hl . This is needed to help us 
find F f>Stmax and F f y. 

Ff,s,max “As ' F n = As * Fg^ i — As ’ TTl • g • cos 0 
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Some shoes, for example golf shoes or crampons 
that are used for ice climbing, are built with very 
sharp spikes on the bottom. These do not actually 
increase the friction with the surface, but increase 
traction by breaking into the surface, making ver¬ 
tical surfaces where the golfer or climber can apply 
horizontal normal forces instead of relying on fric¬ 
tion. 

If we consider the work and energy involved in this 
scenario, the child starts out not moving at the top 
of a sand dune, so they have gravitational poten¬ 
tial energy but no kinetic energy. As they slide 
down they are accelerating in the direction of their 
motion, so they are speeding up, increasing their 
kinetic energy. They are also losing gravitational 
potential energy as they go down. 

The frictional force is fighting against the child’s 
motion as they go down. A force opposite the di¬ 
rection of motion does negative work on the sys¬ 
tem, so in this case the friction is doing negative 
work on the child, removing kinetic energy. That 
energy is transformed into thermal energy. 

So at the bottom of the sand dune the child has 
kinetic energy but no gravitational potential energy. 
And thermal energy has also been released in the 
process, warming the sand and the sled. 


F n 

F ’J 

> f 

F g 

Figure 6.14: FBD of child on sand dune.jl] 

F n et 



Figure 6.15: Sum of forces for the child. [I] 



Top Bottom 


Figure 6.16: Energy bar graph for the child. [T] 


Similarly, Ff k =^ik-m-g-cos9. F net j = 0 when con¬ 
sidering g s , so combining the equations above... 

0 = m - g ■ sin 9 - g, s ■ m • g cos 9 

Solving for /jl s and using the trigonometric identity 
that tan 9 = ^4... 

cos 6 


= tan 9 = 0.70 

Following the same steps for and using Equa¬ 
tion [T8] since the sled is accelerating gives... 


to • a\\ = to • g • sin 9 - /i k ■ m ■ g cos 8 


Hk 


g • sin 9 - a 
g ■ cos 8 


0.45 


We can also consider the energy transformations as 
the child sleds down the dune. E k ^ - 0; there are 
no external forces; no springs, so we don't need to 
consider U s \ if we set y = 0 at the bottom of the 
slope then U g j = 0; and we can also use E tk ^ = 0. 
Then Equation [2T] gives... 


o n ,o 0 0 

Ug.i + EJtE k j + Fthj 


We can find E k j from vj and from Figure [6T3 
using Equation |5.2[ Putting these into the equation 
above gives... 


Fth,f — Ug^i Ef~f 


E t hj =m ■ g ■ (Ax|| -sin6») 


1 9 

-to • v 2 t= 226 J 

2 1 
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6.5 The Truth About Gravity 


Words 


Graphics 


Numbers 


So far, we have considered gravity to be an accel¬ 
eration with a magnitude of g - 9.8m/s 2 , caused 
by a force that is always pointing downward. 

That's not actually true. It is a good approxima¬ 
tion of the force of gravity on the surface of the 
earth, which is where most of us will probably spend 
most of our lives. So it is an approximation that 
works well in many situations that we will face. But 
when you leave the surface of the earth, going up 
or down, that model doesn't work any more. 

We will now consider the force of gravity acting on 
a 1 kg mass that is placed either at the exact center 
of the earth or one earth radius above the surface 
of the earth. 



Inner core 

Outer core 
Mantle 


5 to 25 miles 
(8to 40 kilometers) 



<■ 


t* earth 




f earth 


> 


Figure 6.17: Cutaway of the earth, with a 1 kg 
mass shown at three different positions.[25j 


Knowns 


Unknowns 


m = 1 kg 
r 0 = 0 

fl = 2 T earth 


F g at position r 0 
F g at position n 


In the table above, radii "r" are measured from the 
center of the earth to the center of the 1 kg mass. 
The +r direction is directly away from the center 
of the earth. 

For any location other than the surface of the earth, 
the mathematical model F g = - m ■ g y does not 
work well. Instead, we need to use Newton's Law 
of Universal Gravitation: 


At the earth's surface, the force of gravity from 
the earth acting on a 1-kg mass is 9.8 N, pointing 
downward. But what if you were at the center 
of the earth? There is no longer a "downward" 
direction! Imagine the earth being two pieces, the 
Southern and Northern hemispheres. At the center 
of the earth, the gravitational force caused by the 
Southern hemisphere would pull the mass toward 
the South pole, but the Northern hemisphere would 
pull with an equal but opposite force toward the 
North pole. These forces cancel, so we can use 
the symmetry of the situation to show that the 
earth's gravitational force acting on a mass at the 
center of the earth is zero. Symmetry arguments 
like this often provide helpful insights into physical 
situations. 



Figure 6.18: Magnitude of gravitational force be¬ 
tween the earth and a 1 kg mass, as a function of 
distance. |Tj 


Fg = 


G ■ mi ■ 7712 


(6.5) 


...where G is the Universal gravitation constant 
6.67 x 1CT 11 -jrV, ?77i & nt 2 are the masses of 
two spherical objects between which the force is 
acting, and r is the distance between the centers 
of the two objects. Gravitational force is always 
attractive, so the force on each object is directed 
toward the other object. We can use Equation |6.5| 
to find the magnitude of the force when the 1 kg 
mass is one radius above the surface of the earth, 
so at a distance of two earth radii from the center 
of the earth. 


F 9 = 


(6.67 x HT 11 N k ’'j 2 ) • (5.97 x 10 24 kg) • (1 kg) 


(2-6.37 x 10 6 m)" 
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As we move from the center of the earth to the 
surface of the earth, the force of gravity on our 
1 kg mass increases smoothly, reaching a force of 
9.8 N at the surface of the earth. 

Above the surface, gravity follows an “inverse square 
law," meaning that the strength of the force is in¬ 
versely proportional to the square of the distance 
from the earth's center. At one earth radius above 
the surface of the earth, we are two earth radii 
from the center of the earth. Our distance has 
doubled, so the force of gravity is reduced by one 
fourth ( ). 

What about gravitational potential energy? Work 
is required to lift a 1 kg mass up away from the 
center of the earth, regardless of the distance from 
the center of the earth. So gravitational potential 
energy is at a minimum at the center of the earth 
and increases as we move away from the center. 

These descriptions are valid for anything that has 
mass; the gravitational force caused by anything is 
proportional to its mass. 

If you feel betrayed because of the lies this book 
made you believe about gravity, it gets worse. The 
description of gravity in this section is consistent 
with 19 th century understanding. In the 20 th cen¬ 
tury, gravity began to be understood as a curvature 
of space-time. And in the 21 st century perhaps 
quantum gravity will give us an entirely new and 
better model for gravity. 



Figure 6.19: Gravitational potential energy of the 
earth and a 1 kg mass, as a function of distance.[TJ 



Figure 6.20: Magnitude of gravitational force be¬ 
tween the earth and a 1 kg mass, as a function 
of distance, including when the mass is inside the 
earth. [I] 


F g = -2.45 N f 

Let's try Equation [63] again to find the magnitude 
of the force at the center of the earth. 

(6.67 x HT 11 • (5.97 x 10 24 kg) • (1 kg) 
J (Om ) 2 

Fg = OO N 

An infinitely large force! That cannot be correct. 
This model only works outside of the mass distribu¬ 
tion of the objects themselves, so not, for example, 
inside the earth. 

Along with this new model of gravitational force, 
we have a new expression for gravitational potential 
energy, which is also only valid outside of the mass 
distributions of the objects themselves: 


Ug = 


-G • mi • 777-2 

r 


( 6 . 6 ) 


Notice that with this expression we no longer have 
the option of choosing our height where U g = 0. 
Instead, U g = 0 at r = oo, and U g is negative ev¬ 
erywhere else. 


Inside a uniform mass distribution, the magnitude 
of the force is smaller than the value calculated 
from Equation |6.5| increasing linearly with radial 
distance. The gravitational potential energy inside 
a mass distribution is higher than the value calcu¬ 
lated from Equation |6.6| 
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6.6 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 


• The stiffness of a spring is defined by its spring constant k, which always has a positive value and is 
measured in units of Newtons per meter. 


Forces 


• Ideal springs follow Hooke’s Law, where force is proportional to the amount of extension or compres¬ 
sion. 

• The force of friction between two surfaces depends upon the surfaces themselves and the normal force 
that the surfaces exert on each other. 

• If two surfaces are motionless with respect to each other, the static force of friction between them 
will be exactly enough to cancel out all other forces in the direction parallel to the surfaces, unless 
the sum of all of the other forces is larger than the maximum static force of friction, in which case 
the surfaces begin to move with respect to each other. 

• If two surfaces are moving with respect to each other, the kinetic force of friction between them will 
be in the direction opposing the motion. 

• If the floor on which an object sits is accelerating upward, the apparent weight of the object as 
measured by the normal force is larger than if the floor were stationary or moving at constant velocity. 

• If the floor on which an object sits is accelerating downward, the apparent weight of the object as 
measured by the normal force is smaller than if the floor were stationary or moving at constant velocity. 

• Frictional force does not depend upon the contact area of the surfaces. 

• The gravitational force between two objects is proportional to the masses of the objects and inversely 
proportional to the square of the distance between their centers. 

• Gravitational force is always attractive. 

• Gravitational force drops to zero as the radius gets smaller if one object is inside the mass distribution 
of the other object. 


Motion 


• A position vector can be defined in a radial direction, along a radius from a center point. The positive 
direction is away from the center point. 


Energy 


• Stretched or compressed springs store spring (also called elastic) potential energy. 

• Spring potential energy is a form of mechanical energy. 

• Deformed objects can store spring potential energy. 

• Gravitational potential energy of two objects increases as the distance between the objects increases. 

Mathematical Models 


equation 

restrictions on the validity of the equation 

F s --k s - Ax ( 

6.1 


For objects that obey Hooke's Law 

U s =\ ■ k s ■ Ax 2 ( 

6.2 


For objects that obey Hooke’s Law 

F f,s,max =/^s * F'n ( 

6.3 


-none- 

= f^k ' F n ( 

6.4 


-none- 

77’ G-mi-rri 2 / 

^ g ~ r 2 ' 

6.5 


Outside of the mass distribution of spherical objects. 

tt _ -G-m\-m ,2 / 

9 r ' 

6.6 


Outside of the mass distribution of spherical objects. 



















6.7 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], See the appendices for conversion factors. 


Level 1 - Remember 

6.1 [W] The kinetic force of friction is only relevant if the two surfaces are_relative to 

one another. 

6.2 [W] In what direction does the kinetic force of friction act? 

6.3 [W] The static force of friction is only relevant if the two surfaces are_ relative to 

one another. 

6.4 [W] In what direction does the static force of friction act? 

6.5 [W & N] Add labels to each equation in the "Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. 


Level 2 - Understand 


6.6 [G] Draw free body diagrams for the tennis ball in the left, center, and right frames of Figure [7~4 


6.7 [W, G, Si N] F ind the momentum of the child at the top and bottom of the sand dune in Section |6A 


Momentum is conserved for an isolated system, so if the child's momentum changed, what caused 
that change? 


Level 3 - Apply 


6.8 [G Si l\l] The potential energy stored in the spring in Section |6T| is never actua ly calculated. What 
is it? 


6.9 [W Si N] Find the change in the momentum of the tennis ball during the collision in Section 6.2 
Use the change in momentum to find the force applied to the tennis ball during the collision. Does 
it agree with the F net max that is found in the text? Explain why or why not. 


6.10 [W Si N] If the mass of the barrel in Section 6.3 were doubled, what affect would that have on the 
maximum static frictional force and the kinetic frictional force? 


6.11 [W, G, Si N] Now that we have Newton's Universal Law of Gravitation, does that mean that we can 
no longer use 9.8 m/s 2 as the acceleration due to gravity at the earth's surface? Explain why or why 
not. 


Level 4 - Analyze 


6.12 [W, G, Si N] If the deck of the ship in Section 6.3 started accelerating downward at 1 m/s 2 because 
of stormy seas... 


(a) ... how would that affect the horizontal acceleration of the barrel if it had already started moving? 











(b) ... how would that affect the static force of friction if there was no applied force in the horizontal 
direction? 

(c) ... how would that affect the static force of friction if the applied force in the horizontal direction 
was 200 N? 

(d) ... what would happen if the applied force in the horizontal direction was 1100 N? 


6.13 [W & N] Given the physical scenario described in Section 6.4 is there an angle at which a child 
would go down the slope at constant speed if they were given an initial push to start them moving? 
Explain why or why not. If it is possible, find the angle. 


Level 5 - Evaluate 


6.14 [G & N] If the spring constant were doubled and the same mass was hung from the scale in Section 6.1 
how would that affect the amount of energy stored in the spring? 


6.15 [G & N] If the mass were doubled and the spring constant was kept the same in Section [6Tl] how 
would that affect the amount of energy stored in the spring? 


6.16 [W, G, 8i N] The height of the bars in the “Center" position of Figure 6.6 are not well defined 
just from examining Figure [774] What are the maximum and minimum possible heights for the bars 
representing spring potential energy and thermal energy? 


6.17 [W &l N] In Section 6.4 the coefficients of friction are found. Given those coefficients of friction, if 


the child’s mass were doubled, how would that affect the angle at which the maximum static frictional 
force can no longer keep the child from sliding down the sand dune? 


6.18 [W & l\l] In Section 6.4 the coefficients of friction are found. Given those coefficients of friction, if 
the child’s mass were doubled, how would that affect the acceleration of the child as they slid down 
the 35° slope? 


Level 6 - Create 

6.19 [W, G, & N] At the beginning of Chapter[l]in Figure [rTj was a template for a concept map. Add 
the main ideas from this chapter to the concept map that you began for the question at the end of 
Chapter[l] 

6.20 [W, G, & l\l] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 
described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

6.21 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 








Chapter 7 


Curving Paths 


We have already learned that if an object experi¬ 
ences a net force in the direction in which it is al¬ 
ready moving, the force does positive work on the 
object, increasing its kinetic energy, its momen¬ 
tum, and also its speed. Conversely, if an object 
experiences a net force opposite the direction in 
which it is already moving, the force does negative 
work on the object, decreasing its kinetic energy, 
its momentum, and also its speed. 

Now it is time to start looking at forces that are 
pointing in directions that are not parallel to the 
motion of an object. When that happens, the ob¬ 
ject follows a curved path. 

Looking at the image of the fire dancer, try to 
imagine the forces that are involved. The dancer 
is holding two flaming balls that are hanging from 
chains. She spins them around, making intricate 
patterns in the air. The flaming balls experience 
forces due to both gravity and the tension in the 
chains. How do those combined forces make the 
balls move in such complicated patterns? 

What is happening to the momentum of the balls 
as they follow these curved paths? 



Figure 7.1: A fire poi dance. The flaming ball on the 
near side of the dancer traces out a circular path, while 
the ball on the far side of the dancer follows a more 
complicated path.[27] 



7.1 Cliff Diving 


Words 


Graphics 


Numbers 


Figure [7~2| shows a diver jumping horizontally off 
of the edge of a cliff. After leaving the cliff, the 
diver's body is in free fall, affected only by force 
is gravity. Because of the initial horizontal veloc¬ 
ity and the vertical acceleration, the diver's body 
follows a curved path. 

If the camera took four images per second and the 
diver jumped horizontally at 3 m/s, for how much 
time was the diver in the air before hitting the wa¬ 
ter, what is the height of the cliff, at what speed did 
the diver enter the water, and what was the hori¬ 
zontal displacement of the diver over that time? 

The key to understanding this situation is realizing 
that the horizontal direction is independent of the 
vertical direction. This idea was explored in Chap¬ 
ter^ where the focus was on velocity, momentum, 
and forces. The same principle applies to position 
as well. 

The force of gravity pulls the diver down into the 
water in exactly the same amount of time as if she 
had fallen straight down into the water from the 
same height. This is perhaps most easily under¬ 
stood by thinking of it in terms of frames of refer¬ 
ence. If you are standing on a motionless train and 
you hold a ball straight out and drop it to the floor, 
the ball will be in the air for a specific amount of 
time before hitting the floor. 



Figure 7.2: A cliff diver jumps horizontally off of 
a cliff. The individual images of the diver are at 
equal time intervals. 28] 


Knowns 

= -3 m/s x 
timage ~ 0.25 S 
g - 9.8 m/s 2 


Unknowns 

f tot 
hcliff 

Ax 


If we use the image where the diver has one foot 
on the cliff as t = 0, and subsequent images are 
at 0.25-s intervals, then the splash into the water 
occurs at 

ttot = 0 * ti ma g e = 1.5 S 

To find the height of the cliff, we can separate 
Equation into its x y components: 


1 o 

x = x 0 + v 0x -t+-a x -t 
1 2 

y = y o + v 0y -t+-a y -t 


In free-fall, the only force acting on an object is 
gravity, so as long as the object is near the sur¬ 
face of the earth ~~a =-gy. So the horizontal and 
vertical position of an object in free-fall can be de¬ 
scribed by 

(7.1) 


X = £ 0 + V 0x -t 


and 


y = yo + v 0y -t - 



(7.2) 


If you are on the same train, holding the same ball 
and dropping it in the same way, but the train is 
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Note that the only connection between the x & 
y directions is the time. Often questions about 







moving at a constant velocity, from your reference 
frame the ball will behave in exactly the same way. 
And it will hit the floor in exactly the same amount 
of time. 

In the reference frame of somebody watching the 
train go by, the ball starts in your hand not at rest 
but moving with the same horizontal velocity as the 
train. When you drop the ball, it will continue to 
move horizontally along with the train, but it will 
drop vertically. Each person sees the ball taking 
a different path in their reference frame, but both 
see the ball in the air for the same amount of time. 

The horizontal displacement that the ball travels 
while falling in the reference frame of the person 
on the train is zero, because the horizontal velocity 
is zero in that reference frame. But in the reference 
frame of the person watching the train go by, the 
horizontal displacement of the ball would be the 
velocity of the train multiplied by the time that the 
ball is in the air, since velocity is displacement over 
time. 

In Figure [7~3l the horizontal spacing of the images 
are almost equally spaced-the slight decrease in 
spacing on the left is most likely due to the an¬ 
gle of the camera. The vertical spacing, on the 
other hand, increases with each successive image. 
This shows acceleration in the vertical direction, 
due to the force of gravity. It is also clear from 
the lengths of the arrows that the diver's speed is 
increasing during the fall. 



two-dimensional physical scenarios can be answered 
by using information known about one direction to 
solve for time, and then using that time to solve 
for information about the other direction. In this 
case we are given the time and can use it to solve 
for information about both directions. 


The height of the cliff is the opposite of the dis¬ 
placement in the y direction, yo-y, since the diver 
starts at the top and ends at the bottom. So... 


hdiff - 2 9 ' t-tot. v o 


The diver's horizontal displacement comes from 
Equation |7.1[ 


Ax = vo x -t= -4.5 m 


Now we can find the speed of the diver by calcu¬ 
lating v x j and v y j and using Equation |5.1| There 
is no horizontal acceleration, so v x j = Vq x - In the 
vertical direction, using Equation |2.2| .. 

v f,v ~ v 0y + a y'ttot~ o -g ■ t tot = -14.7 m/s 
v f = y/ v f,x + v h = 15 m / s 
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7.2 Basketball Bounce 


Words 


Graphics 


Numbers 


Figure [7~4| shows a ball bouncing, with images cap¬ 
tured using a stroboscopic light source that flashed 
25 times per second. We will also assume that the 
photograph was taken somewhere near the surface 
of the earth. 

We will analyze the photograph using all of our 
tools to see what we can learn just from the images. 

This photograph looks like a 2-D map of the mo¬ 
tion of the ball, but it doesn't contain arrows like 
a normal motion map. Can we determine which 
direction the ball is moving? The biggest indicator 
is the height of the peaks. The first peak is much 
higher than the second, and the speed of the ball 
when at the peaks looks like it is probably about 
the same for each peak. 

So the ball has more mechanical energy at the top 
of the left peak than it has at the top of the right 
peak. Most likely some of the initial energy was 
transformed to thermal energy during an inelastic 
collision with the floor, so the peak on the left must 
be the first one, and the ball is moving to the right. 

The image of the ball on the far right is consid¬ 
erably smaller than the image of the ball on the 
left, so it must also be moving away from the cam¬ 
era. That means any measurements of angles or 
distances will not be exact. 



Figure 7.4: This single photograph of a bouncing 
ball was taken using a stroboscopic light source 
that flashed 25 times per second m 



Figure 7.5: The same photograph as above, with 
the images numbered for reference.|30J 


Knowns Unknowns 

timage = 0.04 S ??? 
g - 9.8 m/s 2 

We can begin by counting the images in each bounce. 
For the bounce on the left, there are 15 spaces be¬ 
tween the ball, so... 


tleft — * ti rna g e — 0.6 S 


Similarly, t r i g ht = 0.52 s. 


We can use the “time of flight" that we just found 
for each bounce to find the initial and final vertical 
velocities and the heights. If we use a protractor 
to measure the angles we can also find information 
about the horizontal direction. In this particular sit¬ 
uation, when the initial and final heights of an ob¬ 
ject are the same and the object is in free-fall, there 
are three "equations of projectile motion” that can 
be used. These are all derived from the equations 
of motion that we have already been using, so it is 
not necessary to use them, but it can be simpler. 


t flight ~ 

2vq ■ sin 9 

9 


h 

Vq ■ sin 2 9 

' L max 

9 


R V » 

•sin (29) 


9 


(7.3) 


(7.4) 

(7.5) 
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The path of motion that the ball follows is in the 
shape of a parabola. This is the expected shape 
whenever an object is in free-fall near the surface 
of the earth. Other names for this type of motion 
are "projectile motion" and "ballistic motion.” 

If we negect air resistance, which is typically very 
small at low speeds, then the only force that acts on 
the ball while it is in the air is the force of gravity, 
acting downward. When the ball is moving upward, 
gravity is doing negative work on the ball, slowing it 
down. When the ball is moving downward, gravity 
is doing positive work on the ball, speeding it up. 


I 


Figure 7.6: FBD of the ball for any time when it is 
in the air, images 2-15 and 17-28 in Figure 7.5 [I] 


F n 


When the ball hits the floor, the ball applies a large 
normal force downward onto the floor and the floor 
pushes up on the ball with an equally large normal 
force. During the collision with the floor, the ver¬ 
tical part of the velocity of the ball changes drasti¬ 
cally, from a large downward speed to a large up¬ 
ward speed. Looking at the horizontal direction, 
however, shows that the horizontal velocity did not 
change much. The ball continues to move to the 
right at a fairly uniform rate for the whole time that 
it was being imaged. 


< / 



Figure 7.7: FBD of the ball when it is in contact 
with the ground, images 16 & 29 in Figure [73] 
Lengths of the arrows are not exact, but are in¬ 
tended to signify that F g is the same as in Fig- 


7.6 and that F n > F g .[l] 


.. .where 9 is the angle between vq and the hori¬ 
zontal direction, approximately 70° in this case for 
both bounces; tfu g ht is the total time in free-fall; 
h max is the vertical distance from the initial posi¬ 
tion to the peak; and R is the horizontal range. It is 
important to remember that these are not "magic" 
equations that always give correct answers when 
you don’t know what to do. They are the equa¬ 
tions of motion in the specific situation of free-fall 
near the surface of the earth when initial height is 
equal to final height. They will not work in any 
other situation. 


Using these equations, we find: 



Left Bounce 

Right Bounce 

Vo 

3.1 m/s 

2.7 m/s 

hmax 

0.88 m 

0.66 m 

R 

0.64 m 

0.48 m 


Some of these numbers are surprising, if you know 
something about the size of a basketball. The 
range for the left bounce is 0.64 m, and appears 
in the photograph to be roughly 6 diameters of the 
ball, so the ball diameter is between 10 and 11 cm, 
half the size of a basketball! In fact, this is not a 
real basketball in the photograph, but a child's toy 
ball that is made to look like a basketball. 


Since we don't know anything about the mass of 
the toy ball, we cannot calculate force, momentum, 
or energy. 
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7.3 At the Peak 


Words 


Graphics 


Numbers 


Let's take a closer look at what is happening just 
at the very peak of the flight of the ball from 
Section 7.2 We know that the path followed by 
the ball is parabolic in shape. At the top of the 
parabola, the motion of the ball is horizontal. 


At every point on the parabola, there is a constant 
net force, which is simply the gravitational force, 
pointing downward. As a result, at every point 
on the parabola the ball is constantly accelerating 
downward. And since acceleration is a change in 
velocity over time, the velocity of the ball is chang¬ 
ing at a constant rate everywhere on the parabola. 

The ball is moving upward on the left side of the 
peak, and since the acceleration is downward that 
means it is slowing down. We can say that the 
gravitational force is doing negative work, decreas¬ 
ing the kinetic energy as the ball is moving upward. 
The ball is moving downward on the right side of 
the peak, and since the acceleration is downward 
that means it is speeding up. We can say that the 
gravitational force is doing positive work, increasing 
the kinetic energy as the ball is moving downward. 


When the ball is right at the peak, its velocity is 
perpendicular to the net force, so no work is be¬ 
ing done on it, positive or negative. That means 
its speed is not changing. But, it is still accelerat¬ 
ing the same as everywhere else, so the velocity is 
changingl 



Figure 7.8: A close-up of the top of the first peak 
for the bouncing ball from Section 


7.2 



Figure 7.9: At the very peak of the ball’s motion, 
the path briefly follows a circular path with radius 
of curvature r. m 


Knowns Unknowns 

timage = 0.04 S ??? 
g - 9.8 m/s 2 

The work that is done on the ball at the top of the 
parabola is given by Equation |2.3| 

W net =F net -Ax ■ cos 9=F g -Ax ■ cos 90° 

cos 90° = 0, so... 


W net = 0 

.. . at the top of the parabola where the force is per¬ 
pendicular to the direction of motion. Then Equa¬ 
tion [273] tel Is us that. .. 

W ne t - A Ek = 0 

.. . so we also know that the speed v is constant 
at the top of the parabola. And yet the accelera¬ 
tion due to gravity is constant everywhere on the 
parabolic arc, so v is changing. The only way to 
change v while keeping v constant is to change 
the direction of v . 
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How can the velocity change while the speed stays 
the same? Velocity is a vector, which includes 
speed and direction. When the net force (and 
therefore the acceleration) is perpendicular to the 
velocity, it causes a change in direction but not a 
change in speed. The path curves along a circu¬ 
lar arc with a radius that is called the “radius of 
curvature.” 

This perpendicular net force is called the “cen¬ 
tripetal” force, from the Latin words for “toward 
the center." The centripetal force is not a new type 
of force; it is simply a name for whatever force is 
causing an object to follow a curved path. In the 
case of the ball at the top of the arc, the centripetal 
force is the force of gravity. In other situations it 
could be a tension force, a friction force, a normal 
force, a combination of these, or any other type of 
applied force. 

Imagine now a force that changes direction as the 
velocity changes direction. If a constant net force 
were kept always perpendicular to the direction of 
motion, the object would move in a complete circle. 
This is what happens, for example, in an Olympic 
hammer throw. The “hammer," a heavy ball on 
the end of a flexible cord, is spun in a circle. The 
tension in the cord supplies the centripetal force 
radially inward, and the velocity of the ball is in the 
"tangential” direction, perpendicular to the radius. 




Figure 7.11: Looking down on the hammer throw. 
The ball is following the dotted line counterclock¬ 
wise. F c , cl~ c , ~p , & TT are shown at various posi¬ 
tions. [1] 


The radius of curvature r in Figure |7.9| depends 
on two things: the acceleration due to gravity and 
the horizontal speed at the top. The radius would 
increase if gravity were weaker, allowing the ball to 
stay up longer, and the radius would also increase 
if the speed were higher, allowing the ball to move 
farther horizontally in the time needed for gravity 
to pull the ball down. 

The magnitude of the centripetal acceleration a c , 
the tangential (perpendicular to the radius) velocity 
vt, and the radius of curvature r are related by: 



(7.6) 


In Section 7.2 the speed and initial direction of 


the ball were found, which give us the horizontal 
velocity using Equation |5.3[ The horizontal velocity 
is the tangential velocity at the top of the parabola, 
so we can use it to find the radius of curvature. 


r = 


(vo ■ cos#) 2 
9 


0.12 m 


That is roughly the diameter of the ball, and in 
Figure [7~9| we can see that in fact the radius of 
curvature is very close to the diameter of the ball. 
Making this type of comparison can give us confi¬ 
dence that our work is correct. Using the relation¬ 
ship between force and acceleration given by Equa¬ 
tion [T8] we could also find the centripetal force if 
we knew the mass: 


m ■ Dm 

F c =m ■ a c = - 

r 


(7.7) 
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7.4 Hammer Throw 


Words 

Now we will consider the Olympic hammer throw 
more closely. The “hammer" is a ball with a mass 
of 4 kg on a cord with a length of 1.2 m. We 
will assume that the radius of curvature of the 
ball's path is the same as the length of the cord. 
In August 2016, Anita Wtodarczyk set the world 
record for women's hammer throw, with a distance 
of 82.98 m. 

Assume that the ball's initial and final height were 
the same, that it was thrown at the best possible 
angle for maximum range, and that air resistance 
can be neglected. At what speed was the ball mov¬ 
ing when it was released? How much tension force 
would have been in the cord just before the release? 
In what direction would the cord be pointing at the 
moment of release if the ball went due South? 

This question has to be considered in two different 
pieces: One when the cord is still being held and 
one after the cord has been released. Not only 
that, each part of the problem has to be solved 
in a different plane of motion. When the ball is 
flying through the air, it is traveling vertically and 
also South. Before it is released, the ball is moving 
in a circle in a plane that is more horizontal than 
vertical. 


Numbers 



Knowns 

to = 4 kg 
g = 9.8 m/s 2 
r - 1.2 m 


Unknowns 

v T (or v 0 ) 
F t 


R = 82.98 m 


We have the most information about the second 
part of this question, so we should start there. 
Equation |7.5| gives the range as a function of angle 
and initial speed: 


Olympic hammer throw.[3l] 


R _ v o ' sin (20) 

9 

The angle that gives the largest possible R would 
be the one that makes sin (29) as large as possible. 
The largest possible value of sine is 1, which occurs 
at 90°. So (20) = 90°, or 9 = 45°. Solving the 
equation above for vq gives: 


= 28.5 m/s 

This vo is the initial speed of the hammer for the 
part of the question where the ball is in the air. It 
is also the tangential speed vt of the first part of 
the question. 


vo = 


Rg 

sin 90° 
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For the piece when the hammer is flying through 
the air, to get the largest possible range, the ham¬ 
mer has to be thrown with the highest possible 
speed, and in a direction that is about halfway be¬ 
tween horizontal and vertical. If the angle is too 
steep, the hammer will go high but not very far; 
if the angle is too shallow, it will hit the ground 
quickly, not having time to go far. 


For the piece when the cord is still being held, Fig¬ 
ure 7.13 shows the force acting on the hammer and 
the acceleration, velocity, and momentum of the 
hammer at various positions as it goes around in a 
horizontal plane. The reason the hammer moves in 
a circle is the centripetal force created by the ten¬ 
sion in the cord. When the cord is released, that 
force goes away and the hammer no longer moves 
in a horizontal circle. If we want the hammer to go 
due South, at which position should it be released? 



Figure 7.13: Looking down on the hammer throw. 
The ball is following the dotted line counterclock¬ 
wise. F c , a c , p , & v are shown at various posi¬ 
tions. [16] 


Now that we have vt, we can find the centripetal 
force using Equation |7.7| 

p m ' v t . ( 4 k g) ' (28.5 m/s) 2 N 
c r 1.2m 

The centripetal force comes from the tension force, 
since that is the only force in the radial direction. 
So to a good approximation, F t = 2707N. 

This is only an approximation, because the force 
of gravity is also involved. If the hammer is mov¬ 
ing in a horizontal circle, then the net force on the 
ball must be directed horizontally. Gravitational 
force is acting vertically downward on the ham¬ 
mer. Since tension is the only other force acting 
on the hammer, in addition to providing the hor¬ 
izontal centripetal force it also has to provide a 
vertical component to cancel the force of gravity. 


Once the hammer is released, there are no longer 
any forces acting on it in the horizontal direction. 
That makes the hammer an isolated system, for 
which the momentum is conserved. In order for the 
hammer to be going South, its momentum has be 
be directed South. So it has to be released when 
the momentum is South, which in Figure |7~13| is 
when the cord is to the West from the point of 
view of the thrower. 



Figure 7.14: Sum of forces for the hammer in the 
position shown in Figure 


7.12 


HI 


To find a better approximation of F t we can use 
Equation |5.1| for the forces shown in Figure [7~14| 

F t = ^/Fi + FZ et = 2707 N 

In this case, the force of gravity is so much smaller 
than the centripetal force that gravitational force 
can be neglected. 
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7.5 Earth’s Orbit 


Words 


Graphics 


The earth orbits the sun at a distance of approxi¬ 
mately 150 million kilometers, and it takes approx¬ 
imately 365 days to make one complete orbit. 

Use this information to find the speed of the earth 
as it orbits around the sun and also the mass of the 
sun and any other information that can be found. 

The speed of the earth can be found by considering 
that the earth makes one complete circuit around 
the sun every year. The speed of the earth is simply 
the path length traveled around the circular path 
divided by one year. 

It seems surprising to think that we would not need 
to know the mass of the earth in order to find the 
mass of the sun for this question, but the force 
of the earth's gravity gives objects at the earth's 
surface a constant acceleration regardless of their 
mass. Just as the mass of the earth is much larger 
than the mass of anything on the surface of the 
earth, the mass of the sun is much larger than the 
mass of the earth. So it should make sense that 
the sun’s gravitational force causes a constant ac¬ 
celeration at a given distance, at least as long as 
the other object's mass is much less than the mass 
of the sun. 



Figure 7.15: The 
nearly circular.[32] 


Numbers 


Knowns 

r = 1.5 x 10 11 m 
torbit = 3.15 X 10 S 

In 365 days, the earth orbits the sun one time, a 
path length that is equal to the circumference of a 
circle with a radius equal to the distance between 
the earth and the sun: 


Unknowns 

Vt 

'Wlsun 

??? 


Sorbit =27r-r = 9.4 x 10 11 m 

To find the tangential speed of the earth in its orbit 
we need to consider the path length traveled: 

vt = - =3x10 m/s 

torbit 


Now that we know the tangential speed of the 
earth, we can use that to determine the centripetal 
acceleration, or with mass the centripetal force. At 
these distances, we need to use Equation |6.5| for 
the force of gravity. It is this force which is the 
centripetal force that keeps the earth in a circular 
path, so we can use Equation 7.7 as well. 


F„ = F c 


G ■ m 

sun * VYlearth _ dearth * 


G • 


TFlsun 9 

— V'j' 











While it is interesting to know the speed of the 
earth as it goes around the sun, that knowledge 
doesn’t have a great impact on our daily lives. The 
thing that most affects our lives about the orbit 
of the earth around the sun is the passing of the 
seasons, which is related to angular position. This 
is an example when expressing position in terms of 
an angle, and how the angle changes over time, is 
more important than expressing position in terms of 
distances and how the distance changes over time. 

There are also many other situations where angular 
changes are more important than changes in dis¬ 
tance. For example, many vehicles have tachome¬ 
ters that display the angular speed of the engine 
measured in RPM (revolutions, sometimes called 
rotations, per minute). 

When discussing angular motion, the units used for 
angles are radians. One radian is the angle created 
by an arc whose arc length is equal to the radius of 
the circle. So one full circle contains 27r radians. 
The angle then becomes a ratio of an arc length 
over a radius. Length per length. In other words, 
the unit "radian” is in some sense dimensionless. 
Expressing angles in radians greatly simplifies prob¬ 
lem solving precisely because of this dimensionless 
quality of the angle measurement. 

Just as we have learned about position, velocity, ac¬ 
celeration, momentum, etc. in linear form, we will 
now start to learn about angular position, angular 
velocity, angular acceleration, angular momentum, 
etc. 


+y 

x 

/A9 
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r 
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Figure 7.16: The angle in radians is the ratio of the 
arc length s to the radius r.[lj 



Figure 7.17: The earth’s speed as it orbits the sun 
can be described in terms of angular velocity w.[32] 


msun = = 2.0 x 10 30 kg 

It is often useful to describe a system in terms of 
angles, so for the earth we could give an angular 
velocity around the sun instead of a tangential ve¬ 
locity. The SI unit for angles is the radian [rad], 
illustrated in Figure [7~16| 


(7.8) 


.. . where s is the arc length and r is the radius of 
a circle. 9 = 0 is normally at the positive x axis and 
the positive 9 direction is counter-clockwise. 

Similarly, we can define angular velocity u> in terms 
of tangential velocity and radius: 




(7.9) 


The angular velocity of the earth around the sun 
can then be described as: 

3 x 10 4 m/s „ n ,, 

dearth = —- T~r. - = 2 X 10 rad/S 

1.5 x 10 11 m 

The SI unit for angular velocity is therefore [rad/s]. 
We can also find the period T of the earth's orbit 
around the sun, the amount of time for one com¬ 
plete revolution. When oo is constant, 



(7.10) 


So for the earth, T = 3.14 x 10 7 s. 
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7.6 Throwing The Hammer 


Words 


Graphics 


Numbers 


Let's look one more time at the hammer throw, 
paying special attention to the momentum of the 
hammer. We already know that the mass of the 
hammer is 4 kg, the radius of the circle is 1.2 m, 
and the speed of the hammer was 28.5 m/s at the 
end of the throw. One additional piece of infor¬ 
mation: Usually the athlete throwing the hammer 
completes three full rotations before releasing the 
hammer. 

The hammer would have started with no momen¬ 
tum. The athlete throwing it had to get it spinning, 
using a force over a period of time to give the ham¬ 
mer momentum. The only two forces acting on 
the hammer were gravity and tension. Gravity is 
directed downward, so it could only give downward 
momentum to the hammer. That is the only di¬ 
rection that the athlete does not want the hammer 
to go! So the momentum has to come from the 
tension force. 

The way that the view from above was shown in 
Figure [7~TT| it would be impossible to increase the 
rotational speed of the hammer by pulling on the 
cord, because the cord is pointed directly back to 
the center of the circle, and any force applied that 
direction could only keep the hammer moving in 
a circle or bring the hammer toward the center. 
To get the hammer moving in a circle, the tension 
has to pull in an off-center direction, and as the 
hammer moves , the athlete has to keep the handle 
moving ahead of it to give the ball momentum in 
the tangential direction. 




Figure 7.19: Looking down on the hammer throw. 
The ball is following the dotted line counterclock¬ 
wise. In order to increase the momentum of the 
ball, the tension has to come from an off-center 
direction. [T] 


Knowns 

m = 4 kg 
Vtj = 28.5 m/s 
Ad = 3 x 27r rad 
r = 1.2 m 


Unknowns 

momentum? 


The tangential direction 9 is perpendicular to the 
radial direction r, so we can use those as our com¬ 
ponent directions. This will be much easier than 
trying to use x & y because we won't need to worry 
about the sines and cosines. We can see in Fig¬ 
ure [7T9] that we are going to have to deal with 
angles that don’t correspond to the x and y direc¬ 
tions, so minimizing the number of different angles 
will be helpful. The final momentum of the ball is 
in the tangential direction, so that is where we will 
focus. 


We know that the initial momentum is zero, and 
the final momentum is given by Equation |1.3| 

Pf =m ■ Vf = 114 kg • m/s 9 


We could use the change in momentum to find 
the average force in the tangential direction, if we 
knew the time. We can use equations of motion in 
the tangential direction by converting AO to a path 
length s, and assuming a constant acceleration so 


we can use Equations 4.4 &l 4.5 


VT, t 


1 / .0 

= - \u F f+ v T . 


,/) 


s 

At 
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If there were no force in the tangential direction, 
the momentum would stay constant in the tangen¬ 
tial direction for as long as the hammer is following 
a circular path. We know from our work in the x 
& y directions, or parallel and perpendicular direc¬ 
tions, that force in one direction does not affect 
momentum in the other direction, so for example a 
vertical force of gravity cannot increase an object's 
horizontal momentum. 

But that doesn't work if we think about radial and 
tangential directions. With the hammer throw, 
there are two ways to eliminate the tangential force 
on the hammer. One way is to keep the handle of 
the cord in one position at the center of the circu¬ 
lar path. This would keep the centripetal force in 
place, so the hammer would continue around the 
circle with constant momentum in the tangential 
direction. 

The other way is to let go of the cord and let the 
hammer fly off. If you let go, the distance of the 
hammer from the center of the circle increases, 
so the hammer is gaining momentum in the radial 
direction and losing momentum in the angular di¬ 
rection, with no force applied. So our normal way 
of thinking about momentum doesn't work if we 
are trying to use angular and radial directions. 

Up to now, we have considered only linear momen¬ 
tum. But if momentum is to be a useful idea when 
an object is spinning, we will need a new definition 
of angular momentum! 



Figure 7.20: The tension force is partially in the 
radial f direction, providing centripetal force, and 
partly in the tangential 9 direction, increasing the 
momentum of the hammer. [1] 



Figure 7.21: If the hammer is released, the cen¬ 
tripetal force goes away. The hammer stops fol¬ 
lowing a circular path and flies off in the direction 
of the momentum.|1] 


At = 


2s 2 r • A 9 


= 1.59s 


Now we can use Equation [T7]to find the tangential 

Ap T 


force: 


F, 


net.T 


At 


-= 72N 


This force is considerably less than the force of ten¬ 
sion in the cord, so the angle between the radial 
direction and the tension force is small. 


If the tangential force is eliminated but the cen¬ 
tripetal force is kept, the hammer will continue 
along a circular path with constant pt and there¬ 
fore constant ui. 


But if both the tangential and the centripetal force 
are eliminated, the hammer will change to a path 
with constant ~p and therefore constant v . 
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7.7 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 


• When an object is following a curved path, the radial direction is in the dirction of the radius of 
curvature and the tangential direction is perpedicular to the radius of curvature. 

• The time needed for an object to move in a complete circle is called the period. 


Forces 


• A net force applied perpendicular to an object's velocity causes the object to change direction but 
maintain constant speed. 

• Centripetal force is always directed in the radial direction toward the center of the circular path. 

• Centripetal force is not a new kind of force, but is used to describe the force that is causing circular 
motion. 

• A force in the tangential direction can change momentum in the tangential direction. 


Motion 


• Motion in the horizontal direction and motion in the vertical direction are independent of each other. 
The thing that connects them is time. 

• An object that is in free-fall near the surface of the earth follows a path that is shaped like a parabola. 

• Free-fall motion is sometimes called projectile motion or ballistic motion. 

• When an object’s acceleration is perpendicular to its velocity, the direction of the object’s motion 

changes. It follows a path described by an arc of a circle with a "radius of curvature” r. 

• Centripetal acceleration is always directed in, toward the center of circular path. 

• Speed is path length traveled over time. 

• The positive direction of angular quantities is defined as the counter-clockwise direction. 

• The SI unit for angle is the radian [rad]. Zero radians is usually at the positive x axis. 

• The SI unit for angular velocity is [rad/s]. 

Momentum 

• Our definition of momentum works well for linear motion, but does not work well for rotational motion. 


Mathematical Models 


equation 

restrictions on the validity of the equation 

x = X 0 + V 0x -t 

7.1 


For objects in free-fall 

y = 2/o + v 0 y-t - \g ■ t 2 

7.2 


For objects in free-fall near the surface of the earth 

4- _ 2 t;o-sin 0 

flight g 

7.3 


For objects in free-fall near the surface of the earth 

with final height the same as initial height 

7 tio'sin 2 ^ 

ft"max ~ g 

7.4 


For objects in free-fall near the surface of the earth 

with final height the same as initial height 

j}_ v 0 -sm (29) 

9 

7.5 


For objects in free-fall near the surface of the earth 

with final height the same as initial height 

II 

o 

C3 

7.6 


-none- 

771 TYl'Vrp 

F c =m ■ a c = r T 

7.7 


-none- 

cc| fr. 

II 

<1 

7.8 


-none- 

w = ^ 

r 

7.9 


-none- 

T = — (7 

UJ ' 

MO 


When ui is constant 








































7.8 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], See the appendices for conversion factors. 


Level 1 - Remember 

7.1 [W] What is the difference between free-fall, projectile motion, and ballistic motion? 

7.2 [W & N] Add labels to each equation in the "Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. 


Level 2 - Understand 


7.3 [W] Explain how the photograph in Figure |T5| shows that the normal force is much larger than the 
gravitational force when the ball is touching the ground in image 16. 

7.4 [W] Describe how the momentum of the ball in Figure [7~5| changes over the course of time during 
which it is imaged. 

7.5 [W & G] What type of force creates the centripetal force that keeps the ball moving in a circle in 
Figure |7. Ilf 


7.6 [N] In Section |7f6] one of the knowns is listed as A 0 = 3x27r[rad]. Where is that information given? 


Level 3 - Apply 


7.7 [N] If the mass of the ball in Section [7T2| were doubled, how would that affect the radius of curvature 
at the top of the left peak that was found in Section [7~3f 


7.8 [W & G] If the hammer in Section |7.4| were released when the cord was to the South compared to 
the thrower, in what direction would the hammer travel? 


7.9 [N] Use the same analysis that was used in Section [T5]to determine which planets in our solar system 
have a higher tangential velocity than the earth. 


Level 4 - Analyze 

7.10 [W, G, & N] Describe the energy of the diver in Section [7T~| at the top of the cliff and just before 
she hits the water. 


7.11 [G] Make energy bar graphs for the ball in Figure [775] for images 1 (where the ball is close to the 


ground but not touching the ground), 4, 8, 13, 16 (where the ball is on the ground and not moving), 
22, and 29 (where the ball is on the ground and not moving). Without a mass for the ball, it is not 
possible to calculate the actual energies, so just make the relative heights of the bars as accurate as 
possible. 


7.12 [W &l N] An angular velocity of the earth around the sun is calculated at the end of Section 7.5 
Convert that number into revolutions per year. Does your answer make sense? Explain. 











7.13 [W & G] Look at the photograph of a fire poi dance at the beginning of Chapter[7] Assuming that 
the balls of fire are moving at constant speed, identify places in the balls’ paths where the centripetal 
acceleration has a large magnitude and places where it has a small magnitude. 


Level 5 - Evaluate 


7.14 [G & N] What effect would each of the follow changes have on the total time, final speed, and 
horizontal displacement of the diver in Section HU 

(a) Doubling the initial velocity of the diver and keeping everything else the same 

(b) Doubling the height of the cliff and keeping everything else the same 

(c) Keeping the same initial speed but jumping up and out instead of just horizontally out from the 
cliff, and keeping everything else the same 


7.15 [W & l\l] There are three assumptions listed at the beginning of Section 7.4 Consider each of the 


assumptions separately and comment on whether they are good assumptions. That is, would any of 
these assumptions have introduced a large amount of error into the analysis of the situation? 


(a) Assuming that the ball’s initial and final height were the same 

(b) Assuming that the ball was thrown at the best possible angle for maximum range 

(c) Assuming that air resistance can be neglected 


Level 6 - Create 

7.16 [W, G, 8i N] At the beginning of Chapter[l]in Figure [rTj was a template for a concept map. Add 
the main ideas from this chapter to the concept map that you began for the question at the end of 
Chapter[l] 

7.17 [W, G, & N] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 
described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

7.18 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 




Chapter 8 


Rotation 


Interesting things happen when objects are al¬ 
lowed to rotate. Ice skaters start a spin and then 
go faster and faster seemingly without any effort. 
Children’s tops fall over unless they are spinning. 
At a playground or amusement park virtually every 
piece of equipment involves rotation in one way or 
another. 

Spinning wheels are used in almost every form of 
modern transportation. Even transportation that 
doesn’t involve wheels, like flying in a helicopter 
or walking, involve rotation around a joint or axle. 

In Section [7~6] we began to see that we will need to 
learn new ways to describe rotation. This chapter 
introduces a new set of tools—sti 11 forces, motion, 
momentum, and energy, -but specifically applied 
to rotating objects. 

Many things have not changed. We will see that 
angular force (called torque) changes angular mo¬ 
mentum, causes angular acceleration, and does 
work, just as before. Energy and angular momen¬ 
tum are still conserved in an isolated system. And 
most of the mathematical models that we have 
used will apply equally well to rotation after just 
a few changes. 



Figure 8.1: Sasha Cohen performs an i-spin at the 2009 
Stars on Ice in Halifax, Nova Scotia.[33] 


8.1 Kind of the Same 


Words 


Graphics 


Numbers 


To look at the similarities between linear and rota¬ 
tional motion, energy, forces, and momentum, we 
will return once again to a now-familiar example: 
the hammer throw. The mass of the hammer is 
4 kg and the distance between the 4 kg mass and 
the axis of rotation is 1.2 m. 

Linear motion is described by position, velocity, and 
acceleration. Velocity is a change in position (also 
called displacement) over time, and acceleration is 
a change in velocity over time. Angular motion 
will be described in exactly the same way. The 
position is replaced by angular position, or simply 
angle. Angular velocity is a change in angular posi¬ 
tion over time, and angular acceleration is a change 
in angular velocity over time. 

Each of these angular quantities are also directly re¬ 
lated to their corresponding linear quantities in the 
tangential direction. For example, if the length of 
the cord for the hammer were doubled but the an¬ 
gular velocity stayed the same, the hammer would 
trace out a circle with twice the radius in the same 
amount of time, so the tangential velocity would 
double; if the length of the cord stayed the same 
but the angular velocity (rate of spin) was doubled, 
the hammer would trace out a circle of the same 
size in half the time, so again the tangential veloc¬ 
ity would double. So the angular quantities are a 
combination of the linear quantities and the radius. 



Figure 8.2: Looking down on the hammer throw. 
The ball is following the dotted line counterclock¬ 
wise. s, Vt, & clt are the linear quantities cor¬ 
responding to the angular quantities 6, w, & a, 
respectively. [1| 


Knowns Unknowns 

m = 4kg ??? 

r - 1.2 m 


6 and w were already given in terms of s and vt in 
Section [7~5| Now, to do the same for the angular 
acceleration a, whose SI unit is [rad/s 2 ]: 



( 8 . 1 ) 


Every equation of motion that we have learned 
works equally well for angular motion, simply by 
replacing the linear quantities with their angular 
counterparts. So, for example, Equation |1.2| be¬ 
comes 

( 8 . 2 ) 


6 — 6q + ujq ‘t + -a-t 


Equation 4.2 becomes 


Aw LOf - LOi 

aavg = An^r” 


(8.3) 


.. . and Equations 4.4 & 4.5 become 


_A0 

UJ avg 


(8.4) 


and... 

Wavg = 2 ( w * + w /) 


(8.5) 


140 


















object 


And, finally, Equation |5.7| becomes 


Kinetic Energy depends on an object's speed but 
not its direction, so if the speed is the same, the 
kinetic energy at any given point in time is the same 
whether the hammer is following a circular path 
or going straight. So in the case of the hammer 
going in a circle, we can find the kinetic energy by 
either considering its linear motion in the tangential 
direction or its angular motion. 

It is important to note that the kinetic energy for 
the hammer isn't the sum of those two. The ham¬ 
mer is acting like a point mass, and we can use 
one of two ways to think about the energy of that 
point mass. Soon we will be looking at objects 
that have both linear motion and angular motion, 
and for those we will have to combine those two 
types of energy; in this case, the motion of the 
point mass of the hammer at any point in time can 
be described either as rotational motion or linear 
motion, but not both. 

As with angular motion, angular momentum is a 
combination of linear momentum and the radius. 
In this case, the important radial distance is the 
"lever arm," the shortest distance from the pivot 
point to a line extending in both directions along 
the momentum vector. The units of angular mo¬ 
mentum are [kg-m 2 /sl. 

Torque is the angular quantity that corresponds to 
force. It is a force applied in a direction that is not 
aligned with the pivot point, but separated from it 
by a lever arm distance. The units of torque are 
[N • m]. 



Figure 8.3: Illustration of the pivot arm associated 
with angular momentum for an object moving in a 
direction that is not aligned with the pivot point. [Tj 



Figure 8.4: Illustration of the pivot arm associated 
with a force applied in a direction that is not aligned 
with the pivot point. [T] 


2a • Ad = oj 2 - to 2 


( 8 . 6 ) 


For rotational kinetic energy, we substitute vt from 
Equation |7.9| into Equation |1.6[ 

Ek,T =^m ■ i4=^m ■ (r ■ u;) 2 =^ (m-r 2 ) ■ lo 2 

The term (to • ?’ 2 ) is called the "moment of inertia" 
I. I is the angular counterpart to to, so rotational 
kinetic energy is given by: 


(8.7) 

Similarly, we can substitute angular quantities into 
equations for linear momentum to find angular mo¬ 
mentum L. ~p =m ■ v , so... 


Ek,r ~ -I ' W 


L =1 ■ uj 


( 8 . 8 ) 


In the case of a point mass like this hammer, L 
can also be given in terms of mass, velocity, and 
the distance to the pivot point: 

(8.9) 

.. .where 9 is the angle between ~v and ~f. The 
term r ■ sin9 is the "lever arm,” the shortest dis¬ 
tance between the pivot and a line extending both 
directions along the velocity vector. And the angu¬ 
lar version of Equation |1.8| gives us “torque,” the 
angular counterpart of force: 


( 8 . 10 ) 


A L 

t =1 ■ a=— — = F-r • sin 9 
At 


L —m ■ v ■ r ■ sin 9 


.. . where 9 is the angle between F and r . Again, 
r-sin0 is the lever arm between the pivot and a 
line extending along the force vector. 


141 














8.2 Points and Hoops 
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Graphics 
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In Section |8.1| we considered a hammer whose 
mass is concentrated in a small point some dis¬ 
tance away from the pivot. Now we will explore 
what happens to rotational kinetic energy when the 
mass is distributed across a larger area. 



Figure 8.5: The original situation, with a single 
point mass rotating around a pivot.[I] 


Knowns Unknowns 

m E ktr 

r 

UJ 


Using Equation |8.7| for the mass distribution shown 
in Figure [83] 

j-1 l 2 2 

E k ,r = 2 W ' r ' W 


To begin, instead of a single mass m at the end of 
a cord with length r, we will consider two masses, 
each with a mass of ?n/2, connected by a rod with 
no appreciable mass, still keeping each mass at a 
distance r from the center pivot point, rotating at 
a constant angular speed u. 

For each of these masses, the tangential speed will 
be the same as it was for the original single mass. 
We will need to combine their kinetic energies. 
Instead of a single mass at a certain speed, we have 
two half masses at the same speed. The kinetic 
energy should be the same, whether the mass is in 
one location or split into two locations. 



Figure 8.6: The second situation, with the same 
mass split into two parts, with both parts at the 
original distance from the pivot.[I] 


Using Equation |8.7| for the mass distribution shown 
in Figure [8~6] we need to consider each mass sep¬ 
arately and add their energies to find the total ro¬ 
tational kinetic energy. 


1 TO 

E k,r - 2 • 2 ’ r 


2 2 1 rTi 2 2 

• OJ + - • — • r -uj 
2 2 


Ek,r = ^TO ■ r 2 ■ UJ 2 

The result is the same as if all of the mass were at 
a single point. 
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Now let's divide the mass up into smaller pieces. 
What if we split it into three, or four, or six, or ten, 
or even more pieces, and kept all of them the same 
distance from the pivot? 

Just as before, for each of these pieces the tangen¬ 
tial speed will be the same as it was for the original 
single mass. When we combine their kinetic ener¬ 
gies, again the kinetic energy of the whole system 
should be the same, whether the mass is in one 
location or split into many locations. In fact, you 
could take the mass and spread it out into a thin 
hoop at the same distance r from the pivot, and 
the kinetic energy would be the same. 

Let's try one more thing. We will split the mass 
into five equal parts and space them out equally 
in a line so that the ones on the ends are at the 
original distance r and the middle one is at the 
center. 

The two pieces on the ends still move at the same 
tangential speed as before, but the pieces that are 
farther in move at a slower speed and the piece in 
the center doesn't move at all. So this time, when 
we add up the kinetic energies for the five pieces 
we will end up with less energy than before. 

So this time the way the mass is distributed has 
reduced the “moment of inertia” of the system of 
masses. If an object has a large moment of inertia, 
that means it is difficult to change its angular ve¬ 
locity. This is analagous to saying that if an object 
has a large mass, it is difficult to change its linear 
velocity. 



Figure 8.7: The third situation, with the same mass 
split into four parts, with all parts at the original 
distance from the pivot. p] 



Figure 8.8: The fourth situation, with the same 
mass split into five parts at varying distances from 
the pivot.[I] 


Using Equation 8.7 for a mass distribution where 
the same mass is divided into a huge number N of 
small pieces, all kept at the same distance from the 
pivot, we would have to add up N energies, each 
of which would be the same: 


„ 1 TO 9 

E kr =N - r 2 

2 N 


2 1 2 

■ w =— to • r 
2 


If N is large enough, all of the mass could be spread 
out to be completely touching all of the way around 
the circle, creating a hoop, without affecting the 
rotational kinetic energy. 


For the situation shown in Figure [8~8] we have two 
masses at radius r, two at r/2, and one at the pivot 
point, so radius zero. When we add their kinetic 
energies we get: 

r =2 • - • — • r 2 • w 2 + 2 • - • — • (r/2) 2 • w 2 + 0 

2 5 2 5 W ’ 

This is a different result! If we want to keep the 
form of our equation for rotational kinetic energy, 
I is not always going to be m-r 2 . 

There will always be a mass and a length squared 
in I, but it also contains a multiplier that depends 
upon the distribution of the mass. The multiplier 
gets smaller when the mass is brought closer to the 
pivot, . 
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8.3 Figure Skating 
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Describe what happens if a 60 kg skater who is 
1.7 m tall with a torso diameter of 0.3 m is spin¬ 
ning at a rate of 1.5 rad/s in the position shown in 
Figure [879] and then brings themselves into a verti¬ 
cal position, as in Figure [8~T0| 

When we are dealing with linear motion, we know 
that the more mass something has, the more diffi¬ 
cult it is to move. But once you get it moving, it 
will have a large amount of momentum and kinetic 
energy. For rotational motion, it is not just the 
mass but how it is distributed that is important. 
This combination of mass and distance is called 
the moment of inertia. Figure skaters are expert at 
changing their moments of inertia, which is what is 
happening when they go from a horizontal position 
to a vertical one. 

For someone who has observed a spinning figure 
skater, it is hard to forget what happens when they 
do that. The figure skater starts a spin, and then 
spins faster and faster, apparently without any ef¬ 
fort, without even pushing off again on the ice. 

The only forces on the skater are gravity and the 
normal force from the ice, exactly the same as for 
the motionless rock we considered so long ago. 
The rock didn't suddenly start spinning faster and 
faster. So why does a figure skater's angular speed 
increase? 



Figure 8.9: Tangxu Li skating at Lillehammer in 
2016. |34] 


Knowns Unknowns 

to = 60 kg ??? 

height l - 1.7 m 
radius r = 0.15 m 

Ui = 1.5 rad/s 


Since we are dealing with rotation, it will be helpful 
to find moments of inertia for the skater in the ini¬ 
tial and final position. The moments of inertia for 
several different shapes are shown in Figure [8~TT| 
We need to find the shape that is most similar to 
the skater, and use the moment of inertia for that 
shape. 




The final position shown in Figure [8~T0] is simpler, 
so we will start there. Sasha Cohen's body does 
not form a perfect solid cylinder, but there is no 
better option among the shapes in Figure [87lT) It 
should be noted that the location and direction of 
the axis of rotation is important. The "thin rod" is 
rotating in such a way that its ends go around, or 
one end stays in position while the other end goes 
around. The "solid cylinder” is rotating along the 
axis of the cylinder, which is the direction in which 
Sasha is rotating. 



Figure 8.10: Sasha Cohen skating at Stars on Ice in 
2009, and an approximation of her shape for finding 
her moment of inertia.[33j 


Approximating Sasha as a solid cylinder, her mo¬ 
ment of inertia is 


If 


1 2 

-TO • r 
2 


1 

2 


60 kg • (0.15 m) 2 


0.675 kg-m 2 
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For an isolated system, angular momentum is con¬ 
served. That is the key to what is happening to the 
figure skater. The hammer that was considered be¬ 
fore had angular momentum because it had a linear 
velocity that was not aligned with the pivot point. 
In this case, the figure skater has no linear velocity, 
but they have angular velocity. Angular momen¬ 
tum of a rotating object is the moment of inertia 
times the angular velocity, just as linear momentum 
is the mass times the velocity. 

So when the skater is spinning with their body in 
a horizontal direction, their mass is spread out far 
from the vertical axis around which they are spin¬ 
ning. That gives them a large moment of inertia. 
Then, when they pull themselves into a vertical po¬ 
sition they are bringing their mass in close to the 
axis around which they are spinning. This reduces 
their moment of inertia. Since angular momentum 
is conserved, reducing the moment of inertia cre¬ 
ates a corresponding increase in angular velocity. 

This increase in angular velocity also results in 
an increase in the rotational kinetic energy of the 
skater, so work was done on the skater. Where 
did the work come from? The skater does work on 
their own body. A centripetal force, toward the axis 
of rotation, is needed to keep something moving 
in a circle. In order to move something closer to 
the axis, the displacement is in the direction of the 
force, so the skater has to do work to come to a 
vertical position. 


solid cylinder 
or disk 


hollow cylinder 
or hoop 


thin rod (■ 

around center <- 



r 

/ = -to • r 2 


2 


I = to • TO 


thin rod 


l -> 


(Bsesi 


/ = —m-l 2 
12 



/ = -to • r 2 
3 


Figure 8.11: Moments of inertia for various shapes, 
each with mass TO.jlJ 


I — —m • l 2 
3 


/ = -TO • TO 

5 


The position that Tangxu is in is more difficult to 
analyze, because his body is going in two directions. 
His left leg is vertical, and so could be approximated 
as a cylinder just as we did with Sasha. But the 
rest of his body is horizontal and spinning end-to- 
end, which is much more like the “thin rod around 
center." To find Tangxu’s moment of inertia, we 
can make both of these approximations, and add 
their moments of inertia. If we assume that his left 
leg contains 1/4 of the mass of his whole body and 
is 1/2 the radius of his torso, we have... 


1 






h = (0.04 + 10.8) kg • m 2 = 10.8 kg • m 2 

Apparently we didn’t even need to take the vertical 
leg into account. It is so close to the axis com¬ 
pared to the rest of Tangxu’s body that it doesn’t 
significantly affect the moment of inertia. Now we 
can use conservation of angular momentum to find 
the final angular velocity of the skater: 

Lf = Li 

If -UJf = Ii ■U>i 
10.8 


UJf = 


0.675 


1.5 rad/s = 24 rad/s 


The angular velocity increases by more than a fac¬ 


tor of 10! Now, using Equations 2.1 & 8.7 


W ne t ~ A-Efc - ~If -Uf 


-If ■ w 2 = 182 J 


So 182 J of work was done by the skater to change 
position while spinning. 
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8.4 Hoop Rolling 


Words 


Graphics 


Numbers 


In the children's game “hoop rolling" or “hoop 
trundling," a stick is used to start a hoop moving 
and then to keep it going. Let's say that the hoop 
starts at rest and accelerates uniformly across level 
ground to a speed of 5 m/s to the right in 2.5 sec¬ 
onds. The hoop has a mass of 0.4 kg and a radius 
of 0.2 m, and it rolls without slipping. Describe 
everything you can about this situation. 

We know from considering other situations that ve¬ 
locity changes in the direction of acceleration, so 
acceleration is to the right. Momentum starts at 
zero and increases to the right along with the ve¬ 
locity, so there is a force to the right. Since the 
ground is level, we don't need to consider gravita¬ 
tional potential energy, and there also is no spring 
potential energy to consider. The hoop rolls with¬ 
out slipping, and usually thermal energy is gener¬ 
ated by surfaces sliding together or by collisions. 
In this case, we don’t have either. So the hoop 
starts with no kinetic energy and ends with kinetic 
energy. This means that positive work was done 
on the hoop, which makes sense because we have 
already established that there is a force to the right 
and the motion is to the right. Force in the direc¬ 
tion of motion does positive work. 

We have done all of that before. But that’s not all 
that there is to the story. We haven’t taken into 
consideration the fact that the hoop is rolling. 



Figure 8.12: Statue of a boy playing “hoop 
rolling." [35] 



Figure 8.13: As the hoop rolls, it does not slide, so 
the distance it moves has the same magnitude as 
the path length on the circumference of the hoop, 
Ax = s. As the hoop rolls, each mark on the hoop 
will fall on its corresponding, equally-spaced mark 
on the ground.[I] 


Knowns 

Vo = o 

Vf = 5 m/s x 
At = 2.5 s 
m = 0.4 kg 
r = 0.2 m 

rolls without slipping 

It is possible to approach this question just as we 
would have after just one or two chapters, using a 
linear analysis of motion, forces, etc. But just to 
show that it can be done, this analysis will be done 
by analyzing it from an angular perspective. Our 
knowns are all linear, but they are connected to 
angular motion through tangential velocity. In the 
reference frame of a person sitting at the center of 
the hoop, the ground goes to the left at the speed 
at which the hoop is moving, and the bottom edge 
of the hoop moves along with it. 

v ° n 

w 0 =-= 0 

r 

Vf 

cof =-= -25 rad/s 

T 

Why the minus signs? It is possible to keep all signs 
consistent mathematically, but it is often easier just 
to look at a sketch and see whether the motion (or 
angular momentum, or torque) is counterclockwise 
(+) or clockwise (-) and use the appropriate sign. 
In this example, we know that the hoop is spinning 
clockwise. 


Unknowns 

??? 
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At first, the hoop is not rolling, so zero angular 
velocity, but at the end it is rolling to the right, 
which means that it is turning in the clockwise di¬ 
rection. The standard "positive” angular direction 
in physics is counter-clockwise, so the final angular 
velocity is negative. That means that the angular 
acceleration is also negative. 

Angular momentum starts at zero and increases 
along with angular velocity, in the negative direc¬ 
tion, so there is a negative torque. 

Torque is created by an off-center force. In this 
case, the child is pushing to the right at some point 
near the middle of the hoop, and friction with the 
ground prevents it from rolling by pushing left on 
the bottom of the hoop. It is the combination of 
these two forces that creates the torque. 

We also have one additional type of energy to con¬ 
sider: rotational kinetic energy. Not all of the work 
that the child did in pushing the hoop went into 
linear kinetic energy; some went into rotational ki¬ 
netic energy. 



Figure 8.14: We know that the net force is to the 
right, because that is the direction of acceleration. 
But we also know that there is a force of friction to 
the left, because the hoop would slide to the right 
without this friction.[Ij 


Knowing the time, we can use Equation 8.3 to find 
the angular acceleration: 


LAUJ 9 

a =—— = -10 rad/s 
At ' 

We can also use Equation |7.8| to find the total angle 
that the hoop rolls through as it comes up to speed 
in the 2.5 s. 


Ad = 0 - 9q = i/xfP +^Oi-t 2 = 31.3 rad 

It should be clear that the appropriate moment of 
inertia is that of a hoop, so... 


F appHed P ivot 

--*-■.• 



Figure 8.15: Force locations when considering 
torque. [T] 


I = m ■ r 2 = 0.016 kg • m 2 

With this information, we can easily find final angu¬ 
lar momentum, torque, and final rotational kinetic 
energy: 

Lf =1 ■ ujf= -0.4kg-m 2 /s 
t =1 ■ a= -0.16 N • m 

1 o 

Ek,r,f = 2^' UJ f~ ^ J 


If we use the center of the hoop as the reference 
frame, the only motion of the hoop is rotational, 
around the center of the hoop. So we can use the 
center of the hoop as our pivot point. In this ref¬ 
erence frame, it is the frictional force that is not 
aligned with the pivot but is separated by a lever 
arm distance. So it is the frictional force that cre¬ 
ates the torque, making the hoop roll instead of 
sliding. 


So the total work done by the child on the hoop 
is... 


W ne t - A Ek + AEk t r 



vj+5 J = 10 J 


For a rolling hoop, half of its kinetic energy is rota¬ 
tional! We can use Equation 2.3 to find the force 
applied by the child. 


F 


applied 


Wtat 

Ax 


10 J 
r ■ A 0 


1.6 N 
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8.5 Charging a Radio 


Words 


Graphics 


Numbers 


In areas with limited access to electrical power, 
hand-cranked devices are often used. Figure [8~T6] 
shows a boy cranking a radio to charge its battery. 
He has to push on the end of the 0.08-m-long han¬ 
dle of the crank with a force of 5 N to get it to 
move. If he cranks at a constant rate of 10 rad/s, 
how much time will it take him to store 150 J of 
energy in the battery, assuming that the charging 
system is 100% efficient? 

In this situation, we are given a force that is applied 
a certain distance away from a pivot, so the boy is 
applying a torque to the crank. With linear motion, 
a force that is applied through a distance does work 
(and so can store energy). The rotational corrolary 
of this is that a torque that is applied through an 
angle does work. 

The amount of work that the boy does will be pro¬ 
portional to the torque and also proportional to the 
angle. Since he is cranking at a constant rate, the 
angle will increase linearly in time. The force he 
applies will have to be constant at 5 N so that 
there is no acceleration. So the applied torque is 
also constant. Since the angle increases linearly in 
time and the force is constant, the energy stored 
will also increase linearly in time. And since power 
is energy per time, the power the boy produces and 
stores is constant while he is cranking. 



Figure 8.16: A boy charging his hand-cranked 
radio[55] 


Knowns 


Unknowns 


w = 10 rad/s t 

r = 0.08 m 
Fapplied = ~ 6 N 9 
oj = -10 rad/s 
W = 150 J 


The torque applied to the handle, as shown in Fig¬ 
ure [8T7j is 


r = F a p P i ied ■ r ■ sin 9 = -0.4 N • m 


The angular version of Equation ?? for work is.. . 


W =t ■ A9 


( 8 . 11 ) 


.. .when the torque is constant. And since power 
is work per time, it can also be expressed as... 


P=T-U) 


( 8 . 12 ) 


From Equation |8.11| we can find the total angle 
that the boy has to crank through to charge the 
radio: 

W 

A 9 = — = -375 rad 

T 

.. . or approximately 60 full revolutions. With the 
angular displacement we can find the time using 
Equation |8.4[ 


A 9 

At = — = 37.5 s 

w 
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P'applied, 


-*■ 

8 


r (lever arm) 


pivot 


Figure 8.17: The boy applies a clockwise torque 
on the device, as seen from the left in Figure [06] 
Note that this theta refers to the angle between 
the force and the lever arm, not the rotation of the 
crank. [I] 



Angle [rad] 


Figure 8.18: A torque in the direction of angular 
motion does an amount of work equal to the area 
under the curve in a Torque-vs-Angle graph. [1] 


Torque and angle are taken to be positive for this 
graph. Using negative values as described in the 
“Numbers" section, the area would be negative (so 
under the x axis) but the angle would go right-to- 
left instead of left-to-right, which creates another 
negative. Looking at Figure |8.16| from the right 
instead of from the left would have made both 
torque and angle positive. 
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This question could also have been answered using 
a linear analysis in the tangential direction. Using 
Equation |2.3| .. 


W 150 3 
Ft~ -5N 


30 m 


We aren't given a tangential velocity, but we can 
find it from the angular velocity using Equation |7.9[ 

vt = w • r = -0.8 m/s 


Then we can find the time: 

A f = — = 37.5 s 

vt 

Whichever way the analysis is done, the result is 
the same. The power generated by the boy is also 
the same either way: 


P = 


W 

At 


4 W 


It should be noted that there are two different kinds 
of “W" in the expression above. The italicized one 
in the numerator [W) is Work; the one at the end 
that is not italicized is Watts. 














8.6 Balancing 


Words 


Graphics 


Numbers 


Figure [8~19| shows a board and a brick balancing 
on the end of another board. The brick has a mass 
of 1.76 kg and its center of mass is 7.5 cm to the 
left of the upright board. The horizontal board 
has a length of 49 cm, and its left edge is 9.5 cm 
to the left of the upright board. We can use this 
information to find the mass of the horizontal board 
and the normal force that the upright board applies 
to the horizontal board. 


The key to understanding this scenario is the ro¬ 
tational version of Newton's First Law. That law 
states that if the net force on a system is zero then 
the acceleration of that system is also zero. The 
rotational version of that statement would be that 
if the net torque on a system is zero then the angu¬ 
lar acceleration of that system is also zero. Since 
the system is balancing motionless, the accelera¬ 
tion, both angular and linear, must be zero. That 
situation is called “static equilibrium." 

There are actually two ways to approach this prob¬ 
lem. One is by considering forces and torque as 
described above, and the other is by considering 
the center of mass. Let's first consider the center 
of mass. 

Unless the brick, boards, and cement floor are some¬ 
how glued or bolted together (they aren’t!), then 
to remain balanced they have to be supported at 
the center of mass. The center of mass of the brick 
is clearly above the horizontal board. If it weren't, 
for example if it were hanging more than halfway 


Figure 8.19: Two boards and a brick balanci ng[T] 


T 1 


-6 


pivot 


T brick Aboard F 


X 


board 


Figure 8.20: The forces and torques on the balanc¬ 
ing brick and boards. [1] 



Knowns 

m b rick = 1-76 kg 
Tbrick = 0.075 m 
rboard = 0.15 111 
g - 9.8 m/s 2 


Unknowns 


Aboard 

F n 


Aboard was found by assuming that the center of 
mass of the board is at the center of the board, 
which is 0.245 m to the right of the left end of the 
board, and thus 


Aboard = (0.245 m - 0.095 m) = 0.15 m 

For an object that is in static equilibrium, the net 
force and the net torque are both zero: 


EF = 0 


(8.13) 


Er = 0 


(8.14) 

Calculation of the net torque around the pivot in 
Figure [8^20 gives 

FiT — Tbrick Aboard ~ 0 


Fg,brick brick * SHI 90 — Fg^oard-Vboard * sin 90 

inboard = rn brick ■ rbnck = 0.88 kg 
Aboard 

We can also use Figure pOO as a free body diagram 
to find F n , since the sum of forces is zero. 


E F = -F, 


g,brick 


c + F n - F, 


g,board 


= o 
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F n —TTlbrick ' 9 Aboard ’ 9~ 25.9 N 


off of the end of the board, the brick would fall. 
The combined center of mass of the brick and the 
horizontal board has to be above the vertical board 
for the same reason. If it weren't, the horizontal 
board would fall. The combined center of mass of 
both boards and the brick also has to be above the 
bottom of the vertical board. If it were not, the 
vertical board would fall. 

Now, we will consider the situation from the per¬ 
spective of forces and torque. Since we are not 
given information about the vertical board, and 
not asked any questions about it, we will only use 
torque to examine the brick and horizontal board. 
If they were to fall, they would tip around a pivot 
at the top of the vertical board. It doesn't tip, so 
that means the net torque around that pivot has to 
be zero. 


r 1 


-*■ 


pivot 


Tbrick Aboard 


<? 

I Fq board 

I 


Figure 8.21: An alternate location for the pivot, 
allowing a solution for the normal force without 
knowing the mass of the board. [I] 


There is a gravitaitonal force acting downward on 
the brick, and since the brick is to the left of the 
pivot, it would cause counterclockwise (or positive) 
rotational motion. So the brick creates a positive 
torque. The horizontal board must create an equal 
but opposite torque to keep the system balanced. 
When considering torque, all of an objects mass 
acts as if it is at a single point: the center of mass 
of the object. The center of mass of the horizon¬ 
tal board should be near the center of the board, 
which is clearly to the right of the pivot. So the 
mass of the horizontal board has to be just enough 
that its gravitational force creates enough torque 
to balance the torque created by the brick. 


We could have found inboard using center of mass 
instead. Since we are free to choose our zero po¬ 
sition, it is convenient to put it at the location of 
the pivot in Figure [8~20l so that the center of mass 
of the system is at r = 0. Using Equation |3.5| .. 


'com 


= 0 = 


TTlbrick * Tbrick ^Ylboard ' Aboard 

TTlbrick TTlboard 


TTlboard ~ 


TTlbrick * •brick ~ Aboard * Tboard 

(-1.76 kg)-(-0.075 m) 


= 0.88 kg 


0.15 m 

A negative value was assigned to r^rick because it 
is to the left of the zero point at the pivot. 


We could also have found F n without knowing 
inboard simply by choosing a different pivot point. 
For a system in static equilibrium, it isn't actually 
moving around any pivot point, so we are free to 
use any pivot point that is convenient. Notice that 
when we set the pivot at the point where the boards 
meet there was no torque generated by the normal 
force. If we instead chose a pivot at the center of 
mass of the horizontal board, its gravitational force 
will not generate any torque. This is illustrated in 
Figure |8.21| 

St = Tbrick ~ T n + TbotfrcT^ 9 


Fg^brick'i^l’brick "t l’board')~ F n 'Vboard 


F n 


m b rick ■ g ■ (0-075 m + 0.15 m) _ ^ N 
0.15 m 
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8.7 Summary 


Chapter summaries in this book are ordered by concept, not necessarily in the order in which they are 
presented in the chapter. Mathematical models are grouped together at the end of each summary. See the 
appendices for the meanings of all symbols used in this book. 

General 


• Objects have a “moment of inertia” that increases with mass and size. The farther an object's mass 
is from the axis of rotation, the larger its moment of inertia. 

• Moments of inertia can be added together for a complex shape. 

• An object can only balance when its center of mass is supported. 


Forces 


• Torque [N • m] is the angular quantity that corresponds to force. It is a force applied in a direction 
that is not aligned with the pivot point, but separated from it by a lever arm distance. 

• Torque causes angular acceleration, changes angular mometum over time, and does work through an 
angle. 

• Static equilibrium is when an object is completely motionless. It only can occur when net force and 
net torque are both zero. 


Motion 


• Every equation of motion that we have learned works equally well for angular motion, simply by 
replacing the linear quantities with their angular counterparts. 

• The SI unit for angular acceleration is [rad/s 2 ]. 

Momentum 

• A point mass has angular momentum if it has momentum in a direction that is not aligned with the 
pivot point, but separated from it by a lever arm distance. 

• Angular momentum is related to moment of inertia and angular velocity in the same way that linear 
momentum is related to mass and linear velocity. 

• Angular momentum is conserved for an isolated system. 

Energy 


• Rotating objects have rotational kinetic energy even if their center of mass is stationary. 


Mathematical Models 


equation 

restrictions on the validity of the equation 

a= ^ 

r 

8.1 


-none- 

6 — 6q + UJq- t + 

8.2 


only valid when the net torque is constant 

_ Au _ UJf-LUi 

Wavg “At At 

8.3 


-none- 

. , A'V 

^avg 

8.4 


-none- 

^avg = 2 (.^i ^/) 

8.5 


only valid when the net torque is constant 

E k ,r = §/• W 2 

8.7 


-none- 

3 

H —1 

II 

8.8 


-none- 

L =to ■ v ■ r ■ sin 6 

8.9 


for a point mass 

t =J • a=^= F-r ■ sin 9 (i 

3.10 


-none- 

<1 

II 

3.11 


only valid when the torque is constant 

P=T-U> (f 

3.12 


only valid when the torque is constant 

o 

II 

6h 

W 

3.13 


constant velocity, static equilibrium 

Sr = 0 (f 

3.14 


static equilibrium 































8.8 Questions 


Questions are ordered according to Bloom's Taxonomy, progressing from regurgitating information (Level 
1) to synthesizing new information with previous knowledge to create something new (Level 6). The bold 
letters at the beginning of each question indicate whether the question involves Words [W], Graphics [G], 
and/or Numbers [N], See the appendices for conversion factors. 


Level 1 - Remember 

8.1 [W & N] M ake a table of linear quantities and their corresponding angular quantities. 

8.2 [W & N] Add labels to each equation in the "Mathematical Models" section of the summary that 
tell what the symbol to the left of the = sign represents. 


Level 2 - Understand 


8.3 [N] Calculate the moment of inertia I for the hammer as described in Section [8T 


8.4 [W, G, & N] In Section |8T] the lever arm for momentum is described in the "Words" column as 
being a distance taht is related to the momentum vector but in the “Numbers" column it is instead 
described as being related to the velocity vector. How can both of these be correct, or was this an 
error? 


8.5 [W,G, & N] Try to rank the objects in Figure 8.11 in order from those with the most mass con¬ 
centrated near the axis of rotation to those with the most mass concentrated far from the axis of 
rotation. For the ones that have an r instead of an l, how do the numbers in the expressions for 
moment of inertia compare when you have put the shapes in order? 


Level 3 - Apply 


8.6 [G & N] Use Figure [8T3|to show that r-sm6 represents the lever arm. 


8.7 [N] Use dimensional analysis to show that Equation |8.8|and Equation |8.9|have the same units 


8.8 [N] If the hammer described in Section [8/l| is spinning at a constant rate of 2.5 rad/s, find its kinetic 
energy and angular momentum, and the net torque that is being applied to keep it spinning at a 
constant rate. 


8.9 [W, G, & N] If the Figure skater in Section [873] had a final position like the image of Elena Glebova 


shown here, how would the final angular momentum, final angular velocity, and final rotational kinetic 
energy compare to that for a position like that of Sasha Cohen in Figure [8~T07 > Explain. Elena is not 
in a shape that is very much like any of the shapes that are shown in Figure [8~lT] but maybe the 
hollow sphere, with a radius of about 0.8 m would be close. 


8.10 [G & N] Use Figure|8T5]and the torque that was found in Section |8?4|to find the magnitude of the 


force of friction between the hoop and the ground. 


Level 4 - Analyze 

8.11 [N] Use dimensional analysis to find the SI unit for Ek, r - is it the same unit that Ef~ has for linear 
motion? Should it have the same unit? Explain your answer. 
















Elena Glebova in a spin. m 


8.12 [W, G, & N] What is the total moment of inertia for two thin rods, each of mass to/ 2 and length 
Ij 2, rotated around their ends? Compare your answer to that for the moment of inertia of a single 
rod with mass m and length l, rotated around its center. What do you notice? Explain this result. 


Level 5 - Evaluate 


8.13 [N] What effect does doubling angular velocity have on angular momentum and rotational kinetic 


energy? 


8.14 [W, G, & N] In Section 8.4 a child is rolling a hoop. What would change if all of the knowns stayed 
the same, but the child was instead rolling a solid sphere? 


8.15 [W, G, 8i N] In Section 8.4 a child is rolling a hoop. What would change if all of the knowns stayed 
the same, but the radius of the hoop doubled? 


8.16 [W, G, & N] Try placing the pivot in Section 8.6 at the point where the brick is resting on the 
horizontal board. Does the torque equation also yield a valid solution at that location? Explain your 
answer. 


Level 6 - Create 

8.17 [W, G, & N] At the beginning of Chapter[l]in Figure [TT| was a template for a concept map. Begin 
a new concept map just for rotation. 

8.18 [W, G, & l\l] Imagine you are writing a test question related to this chapter. Think of your own 
example of a situation that you can analyze using the concepts, graphics, and mathematical analyses 
described in this chapter. Describe the situation, and use the tools from this chapter to analyze the 
situation as completely as you can. 

8.19 [W, G, & N] Think about possible misconceptions about the material in this chapter. Write a 
question and an incorrect solution to it that demonstrates a student making such a conceptual error. 
This cannot be a simple misuse of a vocabulary word or a mathematical error like making an addition 
error or multiplying when addition was needed, unless the error is rooted in a real misunderstanding 
about the physics behind the calculation or the misuse of a word. After you have written the question 
and incorrect solution, explain what is wrong with the student’s solution, and write a correct solution 
to the problem. Note: You may use a question from this chapter that you got wrong the first time, 
and explain the initial error in your thinking and how you corrected it. 





Appendix A 


Symbols, Subscripts, & Abbreviations 



Symbol 

Quantity 

SI Unit 

a 

acceleration (magnitude or vector component) 

meters per second squared m/s 2 

a 

acceleration (vector) 

meters per second squared m/s 2 

E 

energy 

Joules [J] 

F 

force (magnitude or vector component) 

Newtons [N] 

F 

force (vector) 

Newtons [N] 

9 

acceleration of gravity at earth’s surface 

(this is a constant) 9.8 m/s 2 

h 

height 

meters [m] 

i 

moment of inertia 

kilogram meters squared kg-m 2 

k s 

spring constant 

Newtons per meter [N/m] 

L 

angular momentum 

kilogram meters squared per second kg-m 2 /s] 

m 

mass 

kilograms [kg] 

N 

a large number 

-none- 

P 

momentum (magnitude or vector component) 

kilogram-meters per second [kg-m/s] 

~P 

momentum (vector) 

kilogram-meters per second [kg-m/s] 

P 

power 

Watts [W] 

R 

range 

meters [m] 

s 

path length 

meters [m] 

t 

time 

seconds [s] 

T 

period 

seconds [s] 

U 

potential energy 

Joules [J] 

V 

speed or vector component of velocity) 

meters per second [ m / s ] 

V 

velocity 

meters per second [ m / s ] 

w 

work 

Joules [J] 

X 

horizontal position or vector component of ~x 

meters [m] 

X 

position (vector) 

meters [m] 

y 

vertical position 

meters [m] 

a 

angular acceleration 

radians per second squared rad/s 2 

9 

angle 

degrees or radians [° or rad] 

T 

torque 

Newton meters [N • m] 

UJ 

angular velocity 

radians per second [rad/s] 

A 

“Change in ..." 

-none- 

Ax 

displacement 

meters [m] 

z 

“Sum of ..." 

-none- 

= 

“is defined as... ” 

-none- 


“in the ... direction" 

-none- 

->■ 

(Indicates a vector quantity) 

-none- 


















































Subscript 

Meaning 

0 

at time t = 0 

1,2, etc. 

of object #1, #2, etc. 

avg 

average 

c 

centripetal 

corn 

Center of Mass 

E 

East 

f 

friction (for force) 

f 

final (for everything except force) 

9 

gravitational 

i 

initial 

k 

kinetic 

max 

maximum 

mech 

mechanical 

n 

normal 

N 

North 

net 

net (total) 

r 

rotational 

s 

static (for frictional force) 

s 

spring 

t 

tension 

T 

tangential 

th 

thermal 

tot 

total 

X 

in the x direction 

y 

in the y direction 

II 

in the parallel direction 

i 

in the perpendicular direction 

for example “1 -*• 2” 

of the first object acting on the second 

for example “1 <- 2" 

of the first object as seen by the second 


Abbreviation 

Meaning 

COM (or com) 

Center of Mass 

FBD 

Free Body Diagram 






































Appendix B 


Conversion Factors & Metric Prefixes 



SI Unit=US Customary Unit 

Length 

1 m=3.28 feet 

1609 m=l mile 

Mass 

14.6 kg=l slug 

1 kg=the amount of mass that has 2.2 lb of weight at the earth's surface 

Speed 

1 m/s=2.24 mph 

Force 

1 N=0.225 lb 

Energy 

4.186 J=1 cal 

4186 J=1 Cal (or 1 kcal) 

3.6 x 10 6 J=1 kWh 

1055 J=1 BTU 

Power 

746 W=1 hp 

Angle 

7r rad=180° 

Angular speed 

^ rad/s=l RPM 


Metric prefix 

Abbreviation 

Meaning 

Tera- 

T 

10 12 

Giga- 

G 

10 9 

Mega- 

M 

10 6 

kilo- 

k 

1000 

centi- 

c 

0.01 

milli- 

m 

0.001 

micro- 

n 

10~ 6 




























Appendix C 


Physical Constants 


Symbol 

Description 

Approximate value 

9 

acceleration of gravity at the earth's surface 

9.81 m/s 2 

G 

Newton's Universal Gravitation Constant 

6.67 x 1CT 11 N • m 2 /kg 2 





Appendix D 


Geometrical Shapes 



Circumference: C = 2nr 
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